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ABSTRACT
In  Chapter I  several methods are presented fo r  the c a lc u la tio n  
o f  id  M anna re flu x  ra tio  and th e  number o f tra y s  required  in  m u lti- 
component fra c tio n a tio n , th ese  methods are presented as an 
improvement over c e rta in  previously  published methods, in  th a t th e  
tim e requ ired  fo r  ca lcu la tio n s has been considerably shortened and 
th e  accuracy has been improved in  many eases.
F art I  contains a m odification o f the Uchaibel-Montrosa (17) 
equation  fo r  minimum re flu x . The tem peratures are properly  defined 
fo r  systems in  which th e  re la tiv e  v o la ti l i ty  v a rie s . This m odifica­
t io n  p laces th e  ca lcu la tio n  cm a t r i a l  and e rro r  b a s is , but changes 
th e  r e l ia b i l i ty  o f th e  method from a maximum e rro r o f about f if te e n  
percen t to  about one percen t. The accuracy i s  about the same as th e  
Colburn (3) c o rre la tio n , but th e  tim e required  in  ap p lica tio n  i s  
much le s s .
In F art I I  a pseudo re flu x  ra tio  and an equilibrium  curve a re  
defined  in  a more accurate manner fo r th e  ap p lica tio n  o f the  
Scheibel (15) method fo r tra y  determ inations. The modified method 
has a maximum e rro r o f about fiv e  percent compared to  about twenty 
percen t fo r  the unmodified method.
P art I I I  contains a g raph ical so lu tio n  fo r tra y  requirem ents 
which i s  more advantageous than  th e  modified Scheibel method of 
F a rt I I  i f  a heat balance around the feed po in t i s  necessary and th e
ix
m inim a re flu x  ra tio  la  not o f primary s ig n ifican ce . In  ad d itio n , tho 
proposed method perm its a  cheek on th e  assumed d is tr ib u tio n  o f a 
• p U t key.
The g rap h ica l so lu tio n  presented i s  somewhat s im ila r to  th e  
nethod proposed by Hengstebeok (3 ) , but w ith th e  pseudo operating  
l in e s  and equilib rium  curve defined in  such a manner as to  perm it 
ap p lica tio n  o f th e  method a t re flu x  ra tio s  near th e  minimum as w ell 
as re flu x  r a tio s  which are  la rg e  compared to  th e  minimum
Multi-component systems are  placed on the  b asis  o f th e  key 
components by th e  d e fin itio n s i
X * *U1
^ * k e y s
y  *  * i k
Z * k e y s
The equilibrium  curve and pseudo operating lin e s  are determined 
by a  ca lc u la tio n  o f the com position on th e  feed tra y  and th e  tra y  
above th e  feed .
The proposed method req u ires fewer ca lcu la tio n s than th e  method 
o f Jenny (10) and e lim inates th e  t r i a l  and e rro r in  th e  determ ination 
o f  th e  feed tra y  tem perature.
The maxi nun e rro r i s  about fiv e  percen t.
x
Chapter IZ contains a m odified so lu tio n  o f th e  equations involved 
in  th s  Colburn (a ) c o rre la tio n  fo r minimum re flu x  r a tio  which penults 
those re la tio n s  to  be s a tis f ie d  w ith a considerable saving o f tin e  
over th a t u su a lly  required* The tin e  requirem ent fo r  c a lcu la tio n  
compare* favorably in  a l l  eases w ith th e  m odified 3 eh e ib el-m n tro ss (4 ) 
method as presented in  Chapter I ,  In  many Oases th e  tim e requirem ent 
i s  reduced considerably , esp ec ia lly  when th e  minimum re flu x  ra tio  is  
d es ired  fo r  sev era l feed conditions fo r  a  given separation*
In  Chapter XII th e  ap p lica tio n  o f Underwood's (7*3,9) equations 
and the Colburn (2) c o rre la tio n  fo r minimum re flu x  fo r the determ ination 
of th e  d is tr ib u tio n  of s p l i t  keys a t minimum re flu x  i s  presented* 
Equations have been developed to  system atize the ca lcu la tio n s and 
minimize th e  t r i a l  and e rro r involved in  the  ap p lica tio n  o f th e  Colburn 
c o rre la tio n  and Underwood's equations*
A study has been made o f th e  d is trib u tio n  o f s p l i t  keys which w ill 
g ive th e  optimum number o f tray s  a t re flu x  ra tio s  o ther than  to ta l  and 
minimum. The d is tr ib u tio n  o f s p l i t  keys obtained a t to ta l  re flu x  was 
found to  give a minimum number o f tra y s  a t a l l  re flu x  ra tio s  except 
th o se  very close to  th e  minlnsim. At th is  po in t th e  optimum d is trib u tio n  
approaches th a t obtained a t minimum reflux*
xi
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Simplified M ulti-Component 
Fractionation Calculations
P a r t  I 
MINIMUM REFLUX RATIO
RAYMOND V. BAILEY* a n d  JESSE COATES^
Tt. H E R E  ex is t  in th e  l i te ra tu re  severa l  m e th o d s  of 
determ ining- th e  m in im u m  reflux ra t io  fo r  a m u lti-  
c o m p o n e n t  sy s tem .
T h e  r ig o ro u s  m e th o d ,  as defined b y  J e n n y 11 in ­
vo lves  ted io u s  t r ia l  an d  erro r .
U n d e rw o o d 18 dev e lo p ed  eq u a t io n s  for th e  ex ac t  d e ­
te rm in a t io n  of the  m in im u m  reflux for a m u l t i -c o m ­
p o n en t  sy s tem  b ased  on c o n s ta n t  v o la t i l i ty  an d  c o m ­
p le te  sep a ra t io n .  H o w e v e r ,  for m o s t  a c tu a l  cases, in 
w h ich  th e  v o la t i l i ty  is n o t  co n s tan t ,  the  re su l t  is on ly  
a ro u g h  ap p ro x im a tio n .
G il l i lan d 7 p re se n te d  an eq ua tion ,  b ased  on equa l 
ra t io  of th e  k ey s  in th e  tw o  p inches, w h ich  invo lves  
tr ia l  an d  e r ro r  if th e  feed cond it ion  is o th e r  th a n  a 
l iqu id  a t  feed t r a y  te m p e ra tu re .  T h i s  e q u a tio n  g ives  
a l im i t in g  low  value. E a t e r  R o b in so n  an d  G il l i land14 
deve loped  an  eq u a tio n  w h ich  g av e  a l im i t in g  h igh  
value. T h e  re c o m m e n d e d  p ro c ed u re  is to  tak e  th e  
av e ra g e  of th e  l im i t in g  v a lu es  for th e  t ru e  m in im u m  
reflux ra tio .  H o w e v e r ,  th e  l im its  a re  o f ten  so fa r  a p a r t  
as  to  leave the  t ru e  m in im u m  reflux ra t io  in doub t.
C o lb u rn 3 p o in ted  o u t  th a t  th e  ra t io  of th e  k ey s  in 
th e  p in ch es  a t  m in im u m  reflux ra t io  a re  n o t  equa l 
an d  dev e lo p ed  an  em pir ica l  ex p ress io n  fo r  th e  re la t io n  
of th e  k ey s  a t  m in im u m  reflux. T h e  re la t io n  has  an  
ac cu ra cy  of a p p ro x im a te ly  one p ercen t ,  b u t  invo lves  
co n s id erab le  tr ia l  a n d  erro r .
O th e r  m e th o d s 2-9 h av e  been  p re sen ted ,  based  on the 
false a s su m p t io n  th a t  the  ra tio  of th e  k ey s  in the 
p inches a re  equa l  a t  m in im u m  reflux.
Scheibel and  M o n t r o s s 17 deve loped  an em pirica l 
eq u a tio n  co n s is t in g  of th ree  te rm s  :
1. T h e  reflux to  se p a ra te  the  key  co m p o n en ts ,  a s ­
s u m in g  th a t  the  c o m p o n e n ts  l ig h te r  th a n  l ig h t  key  
have  infinite v o la t i l i ty  an d  the  c o m p o n e n ts  h e a v ie r  
th a n  th e  h eav y  key  h av e  zero  vo la t i l i ty .
2. T h e  reflux to  s e p a ra te  th e  h ea v ie r  c o m p o n e n ts  
from  the  o v e rh ead  due  to  th e i r  ac tu a l  vo la ti li t ies .
3. T h e  reflux to  s ep a ra te  the  l ig h te r  co m p o n en ts  
from  th e  b o t to m s  due  to  th e ir  ac tu a l  vo la ti li t ies .
T h is  e q u a tio n  is a c cu ra te  w i th in  a p p ro x im a te ly  one 
p e rc e n t  for  sy s te m s  in w h ich  the  re la t iv e  v o la t i l i t ie s  
a re  co n s tan t .  H o w e v e r ,  th e  e q u a tio n  n eed s  s l ig h t  
m odification  and  the  t e m p e r a tu re s  m u s t  be p ro p e r ly  
defined for the  cases in w h ich  th e  re la t iv e  v o la t i l i t ie s  
a re  n o t  co n s tan t .
T h e  essen tia l  eq u a tio n s  
M o n t ro s s 17 fo llow  :
p re sen ted  bv Scheibel
1. P se u d o  ra t io  of l iqu id  to v ap o r
w he re
m _ Ml — ^ M hir 
My  2 \[ ]F ( 1)
* G raduate  s tu d en t in Chem ical Engineering, Louisiana S ta te  University Baton 
Rouge, Louisiana.
** Professor of Chem ical Engineering, Louisiana S ta te  University, Baton Rouqe 
Louisiana. '
m  =  p se u d o  ra t i o  of l iquid to  va p o r  
M i  =  mo l s  o f  l i quid feed 
Mv =  mol s  o f  v a p o r  feed 
2 M hF =  to t a l  mo l s  of c o m p o n e n t s  he av i e r  t h a n  t he  heavy 
k ey  in t h e  feed
2 M i f =  t o t a l  mo l s  of  c o m p o n e n t s  l i gh t e r  t h a n  the  l i ght  key 
in t h e  feed
2. D efin it ion  of M c C a b e -T h ie le  ty p e  d iag ra m  on 
the bas is  of tw o  k ey  c o m p o n e n ts  as fo llow s :
. .  __  XlK
whe re
X 1K+  X hK
Y , k





I N THIS article  several m ethods are presented for the ca lcu ­
lation of minimum reflux ratio and the number of trays re­
quired in m ulti-com ponent fractionation . T hese m ethods are 
presented as an im provem ent over certain  previously published  
m ethods, in that the tim e required for ca lcu la tion s has been 
considerably shortened and the accuracy has been improved 
in many cases.
Part I contains a m odification of the Scheibel— M ontross17 
equation for minimum reflux. The tem peratures are properly 
defined for system s in which the relative volatility  varies. This 
m odification p laces the ca lcu lation  on a trial and error basis, 
but changes the reliability o f the m ethod from a maximum  
error of about 15 percent to  about 1 percent. The accuracy is 
about th e  sam e as the Colburn3 correlation, but the tim e re­
quired in application is much less.
In Part II (to appear in a later issue) a pseudo reflux ratio 
and an equilibrium curve are defined  in a more accurate m an­
ner for the application  of the S ch eib el1' m ethod for tray de­
term inations. T he m odified m ethod has a maximum error of 
about 5 percent com pared to about 20  percent for the un­
m odified m ethod.
Part III (also to appear later) contains a graphical so­
lution for tray requirem ents which is more advantageous  
than the m odified Scheibel m ethod of Part II if  a heat balance  
around the feed  point is necessary and the minimum reflux 
ratio is not of primary sign ifican ce. In addition , the proposed 
m ethod permits a check  on the assum ed distribution of a split 
key.
The graphical solution presented is som ew hat sim ilar to the 
m ethod proposed by H en gsteb eck s, but with the pseudo oper­
ating lines and equilibrium curve defined  in such a manner as 
to permit application of the m ethod at reflux ratios near the 
minimum as well os reflux ratios which are large compared  
to the minimum.
M ulti-com ponent system s are placed on the basis of the 
key com ponents by the definitions:
The equilibrium curve and pseudo operating lines are d e­
term ined by a calcu lation  of the com position on the feed  tray 
and the tray obove the feed .
The proposed m ethod requires fewer ca lcu la tion s than the  
m ethod of Jenny10 and elim in ates the trial and error in the  
determ ination of the feed  tray tem perature.
The maximum error is about 5 percent.
x  —• eq u iva len t liquid com p osition  b ased  on the key  
com p on en ts on ly  
y =  eq u iva len t vapor com p osition  based on the key  
com p on en ts o n ly  
X ix  =  liquid  com p osition  o f th e  ligh t k ey  
X * x =  liquid  com p osition  o f th e  h eavy  k ey  
Y ix  —  vap or com p osition  o f  th e  lig h t k ey  
Y me =  vapor com p osition  o f th e  h eavy  k ey
3. E m p ir ic a l  e q u a tio n  fo r  m in im u m  reflux  ra tio
an d  for th e  f ra c t io n a t in g  sec tion , a s s u m in g  th e  l ig h t  
co m p o n en ts  to  h av e  infinite v o la t i l i ty
2  Y * = 1 2  M lVn
w here
Lm =  liquid dow nflow  in the stripp ing section  





M.IKF -j-  2 M  1
M  1K F R V +
M  b K F  +  S M „ p
p seudo m in im um  reflux ratio based on the key  
com p on en ts, determ ined  from  the M cC ab e-T h iele 1 
type d iagram  defined, u sin g  the p seudo ratio of 
liquid  to  vapor.
R m =  true m in im u m  reflux ratio  
M — m ols
K  = eq u ilib r iu m  constan t Y /X  
Sub scrip ts:
F =  feed
h =  com p on en t heavier than the h eavy  key  
1 =  com p on en t ligh ter  than the lig h t key  
hK =  h ea v y  k ey  com p on en t  
Ik =  lig h t k ey  com ponent
T h e  p se u d o  m in im u m  reflux ra tio ,  R 'm, g ives the  
m ols  of re flux  p e r  m ole  of th e  k ey  c o m p o n en ts  o v e r­
head , b u t  is u sed  in th e  eq u a tio n  by  Scheibel and  
M o n t ro s s 17 a s  if i t  w e re  m o ls  of re flux p e r  m ole of the  
l ig h t  k ey  in  th e  feed. T h e  tw o  m ay  be equa l in m a n y  
cases, b u t  n o t  in  all cases. S im ilarly , th e  co rrec tion  




K- i*  — 1Kh
is re f lux  p e r  m ole  of b o t to m s ;  the re fo re ,  the  eq ua tion  
sh o u ld  re a d  as f o l lo w s :
Rm =  1
D
W





D  =  tota l m ols of overhead  
M k d—  total m ols o f the k ey  com ponents overhead  
W  =  total m ols o f bottom s
T em peratures for P seu d o  M inim um  Reflux
T h e  p u rp o se  of th e  p seu d o  ra t io  of l iqu id  to  v ap o r  
is to  c o r rec t  th e  o p e ra t in g  l ines to  a  bas is  w h ich  will 
p e r m i t  th e  u se  of th e  M cC ab e -T h ie le  ty p e  d iag ra m  
defined. H o w e v e r ,  th is  p seu d o  ra t io  of liquid  to  v ap o r  
does  n o t  co r rec t  th e  eq u il ib r iu m  cu rve  for th e  p re s ­
ence of th e  l ig h t  co m p o n en ts ,  w h o se  re la t iv e  vo la­
t i l i ty  is a s s u m e d  to  be  infinite, in th e  v ap o r  an d  th e  
h e a v y  co m p o n en ts ,  w h o se  re la t iv e  v o la t i l i ty  is a s ­
s u m e d  to  be  zero , in  th e  l iqu id  of th e  f ra c t io n a t in g  
an d  s t r ip p in g  sec tio n s  respec tive ly .
F o r  th e  s t r ip p in g  sec tion ,  if th e  re la t ive  vo la ti li t ies  
of th e  h e a v y  c o m p o n en ts  a re  a s su m ed  to  be zero
2  X k,7„ =  1 2 Mhr
T h u s ,  th e  t e m p e ra tu re s  of th e  p inches  will corre-
1 n  ■ M o  R*M . . . ,
sp o n d  to  the  reflux ra t io  of — ——  w ith  th e  l ig h t
co m p o n en ts  in th e  v ap o r  phase  of th e  f r a c t io n a t in g  
p inch  an d  th e  h ea v y  c o m p o n en ts  p re s e n t  in th e  l iqu id  
of th e  s t r ip p in g  pinch.
T h e s e  te m p e ra tu re s  m ay  be d e te rm in e d  by  r e ­
a r r a n g e m e n t  of th e  o p e ra t in g  lines. T h u s ,
F o r  th e  f r a c t io n a t in g  sec tion  p inch  :
V n
D  X D
V n  X h k n
N O M E N C L A T U R E
« =  Rela t ive  volat i l i ty  w i th  r espec t  t o  heavy  
key
d =  Mols  of co m po ne n t  in ov e rhead  
D =  T o t a l  mol s  ove rh ead  
f  —  Fu n c t i o n
K  =  Eq u i l i b r i um cons t an t  =  Y / X  
1 — Mol s of c om p o n e n t  in l iquid phase  
L =  Mols  of l iquid downf low  in c o l u m n  
m =  Pseu do  rat io of l iquid to vapo r  
M ' =  Mol s  of  c o m p o n e n t  
N  =  N u m b e r  of theoret i ca l  t r ay s  
R =  Ref lux  rat io,  mo ls  ref lux pe r  mole  of o v e r ­
head
R'  =  P se u d o  ref lux rat io,  mol s  ref lux pe r  mole  
of keys  ov e r he a d  
v —  Mols  of c o m p o n e n t  in vapo r  phase
V  =  Mol s  of v ap o r  upf low in t o w er  
w  —  Mol s  o f  co m p o n en t  in b o t t o m s
W  =  To t a l  mol s  of b o t t o m s  
x =  Mol  f rac t i on  of l i ght  key  in l iquid on  two-  
c o m p o n e n t  basis.
X — Mol  f rac t i on of c o m p on en t  in l iquid 
phase
y  —  Mol  f r a c t i on  of l ight  key  in v a po r  on  two-  
co m p o n e n t  basis.
Y =  Mol  frac t i on of c o m p on en t  in v ap o r  phase  
z =  Mol  f r ac t i on  of  l i ght  key  in v ap o r  plus
l iquid on tw o -c om p on en t  basis  
Z =  T o t a l  mol  f ract ion of co m p o n e n t  ( l iquid 
+  vapo r )
S u b s c r i p t s :
i) =  O ve r hea d  
f =  Feed t r ay  
e — feed
h =  heavy  com ponen t ,  heavie r  t h an  heav y  key  
hit =  heavy  key 
i =  in t ersec t ion  of o p e r a t i n g  lines 
1 — l ight  com pon en t ,  l i gh te r  t h an  l i gh t  key  
he — l ight  key 
i, =  l iquid 
m =  s t r i pp ing  sect ion 
m =  m i n im u m  
n =  f r ac t i onat i ng  sect ion 
t  =  t op  t r ay  
v =  vapo r  
w  — bo t t o m s
S u p e r s c r i p t s :
' =  p seudo
4
a n d  fo r  th e  s t r ip p in g  sec tion  p inch  :
W  X wV  -- Ln
L n
+
V n  X  l K t n
w h ere  and are calcu lated  u sin g  the reflux ratio
Mkd R m  
D ~
w h ere
KhK — equilibrium  con stan t for heavy  k ey  com ponent 
K ik =  equilibrium  con stan t for ligh t key com ponent 
X  =  m ole fraction  in liquid phase  
L  =  m ols liquid  
V  =  m ols vapor
Subscrip ts: 
hKn =  h eavy  k ey in fraction atin g  pinch  
iKm — ligh t k ey  in str ip p in g  pinch  
d  =  overhead  
w  =  b o ttom s  
m  =  stripp ing  section  
n =  fraction atin g  section
T h e  eq u i l ib r iu m  cu rve  m ay  be b ro k e n  a t  a p o in t  
b e tw e e n  th e  s t r ip p in g  sec tion  an d  th e  f r a c t io n a t in g  
sec tion . A t  th e  p seu d o  m in im u m  reflux ra tio  th e  
o p e r a t in g  l ines will c ross  th e i r  re sp ec tiv e  eq u i l ib r iu m  
cu rv es  a t  th e  sam e  v a lu e  of “x ” an d  in te rse c t  on the 
p seu d o  feed line b e tw e e n  th e  tw o  sec tio n s  of the  
eq u i l ib r iu m  curve.
T h e  t e m p e r a tu r e  fo r  the  s e p a ra t io n  of th e  heav ie r  
c o m p o n e n ts  is th e  t e m p e r a tu r e  of th e  s t r ip p in g  col­
u m n  p inch  a t  th e  t ru e  m in im u m  reflux ra tio ,  s ince 
t h a t  t e m p e ra tu re  d e te rm in e s  th e  c o n c en tra t io n  of the  
co m p o n en ts  in th e  p inch  an d  th e re fo re  th e  m in im u m  
reflux  ra tio .
S im ilarly ,  th e  t e m p e r a tu re  fo r  sep a ra t io n  of the  
l ig h te r  c o m p o n e n ts  h a s  significance o n ly  in th e  f rac ­
t io n a t in g  p in ch  c o r re s p o n d in g  to  th e  t ru e  m in im u m  
reflux ra tio .
H o w e v e r ,  th e  co r rec tio n  te rm s  a re  u su a l ly  sm all 
a n d / o r  th e  v a r ia t io n  of th e  re la t iv e  v o la t i l i ty  b e tw e en  
th e  p inch  t e m p e r a tu re s  is n o t  g rea t ,  an d  u su a l ly  on ly  
s l ig h t  e r ro r  is in t ro d u ce d  by  u s in g  th e  “ K ” v a lu es  a t 
th e  t e m p e r a tu re s  of th e  p in ch es  co r re sp o n d in g  to th e
re flux  ra t io  MkdR m  ̂ j£ co r rec t i on fa c to rs  an d  the
v a r ia t io n  of th e  re la t iv e  v o la t i l i ty  of th e  co m p o n en ts  
a re  large , re co u rse  to tr ia l  an d  e r ro r  is necessa ry .
R e c o m m e n d e d  M e th o d s  of D e te rm in a t io n  of R ' m
M E T H O D  I:
A s a v e ry  close a p p ro x im a tio n ,  th e  o p e ra t in g  lines 
in te rse c t  th e  p seu d o  feed line a t  a re la t iv e  v o la t i l i ty  
of th e  key  c o m p o n e n ts  w h ich  is th e  a v e ra g e  of the  
re la t iv e  v o la t i l i t ie s  of th e  p in ch es  co r re sp o n d in g  to 
M k d  R ' mth e  re flux  ra tio D
T h e  eq u a tio n  of th e  p seu d o  feed line is g iven  by
y =  zf T- m(zir —  x )
a n d  from  th e  s im u la t io n  of th e  f ra c t io n a t in g  pseu d o  
o p e ra t in g  line w i th  th is  p seu d o  feed line a t  th e  p inch , 
eliminating y:
zi,- ( 1  +  m ) —
TT
t f r )
R  m  T  1 
T  rn
(5)
x i =  liquid  com p osition  on basis o f th e  k ey  com ponents^  
at th e  in tersection  of the pseud o op era tin g  line and 
the p seu d o  feed  line. _ i
zF = m o l e  fraction  o f lig h t k ey  in the feed  on  basis of j
th e  k ey  com p on en ts. |
m  =  pseu d o  ratio o f liquid to  vapor. j
x d — m ole fraction  o f ligh t k ey  in overh ead  on basis of j
k ey  com p on en ts.
R'm =  p seu d o  m in im um  reflux ratio. !
=  p seu d o  ratio o f liquid to  vapor in fractionating !
\ V n /  section . j
I f  m eq u a ls  in fin ity , th e n  Xj =  zF. j
F ro m  F e n s k e 4 eq u a t io n  fo r  b in a ry  m i x t u r e s : j
R'« — i r  j e » _




=  relative v o la tility  o f the k ey  com p on en ts at the 
fraction atin g  p inch corresp on d in g  to a reflux ratio
M k d R ' m
D
— relative vo la tility  o f k eys at the str ip p in g  pinch 
corresp on d in g  to a reflux ratio o f
M k d R ' m
D
T h e  re la t iv e  v o la t i l i t ie s  a t  th e  p in ch es  m ay  be de­
te rm in e d  b y  n o t in g  th a t  a  r e a r r a n g e m e n t  of the 
o p e ra t in g  l ines a t  th e  p in ch es  g i v ^ s :








X m  =
w here
X p
K +  ( K — 1)
______ Xw





T o  ca lcu la te  R 'm ;
1) A ssu m e  a v a lu e  of R 'm ;
2) C a lcu la te  Xj by  e q u a t io n  5 ;
3) C a lcu la te  th e  a v e ra g e  re la t iv e  v o la t i l i ty ;
4 )  C a lcu la te  R ' m b y  e q u a t io n  6 ;
5 )  U s e  ca lcu la ted  v a lu e  of R ' m fo r  seco n d  assum p­
tion  and  re p e a t  u n ti l  a s s u m e d  R ' m eq u a ls  calculated 
R ' m.
U su a l ly  th e  second  t r ia l  is su ff ic ien t  s ince  the  con­
ve rg en ce  is v e ry  rap id .
I t  m u s t  be em p h as iz ed  th a t  th is  m e th o d  is only 
a p p ro x im a te  an d  th e re fo re  sh o u ld  be  u sed  on ly  to 
o b ta in  a f irs t a s s u m p t io n  for M e th o d  I I  if th e  separa­
tion  is e x t re m e ly  p o o r  o r  if th e  r e la t iv e  v o la t i l i ty  of 
th e  k ey s  is be low  1.5 w i th  a  l a rg e  s p re a d  b e tw e en  the 
p inches.
M E T H O D  I I :
T h e  p in ch  co m p o s i t io n s  a re  c a lc u la ted  assum ing  
th e  l ig h t  c o m p o n e n ts  h av e  infin ite  v o la t i l i ty  and  the 
h ea v y  c o m p o n e n ts  h av e  ze ro  v o la t i l i ty .  T r ia l  and 
e r ro r  is u sed  un t i l  th e  ra t io  of th e  l iqu id  co n cen tra ­
t ions  of th e  k ey  c o m p o n e n ts  in th e  tw o  p in ch es  are 
equa l,  w h ich  m u s t  be th e  case fo r  a  b in a ry  system.
T h e  o p e r a t in g  lines, a t  th e  p in ch es ,  m a y  be w ri t ten  




=  con centration  of a com ponent in the fraction ating  
pinch
X m =  con cen tration  o f  a com p on en t in the strip p in g  pinch  
K  =  equilibrium  con stan t o f com ponent in question  
L n /D  =  ratio of m oles o f liquid in  fractionatin g  section  to 
m o les  o f  overhead  
L m /W  =  ratio  o f m oles o f liquid in stripp ing section  to 
m o les  o f bottom s  
X d =  m ole fraction  o f  com pon ent in question  in overhead
X « =  m ole  fraction  o f com ponent in question  in b ottom s
A t th e  p inches ,  s ince  th e  l ig h t  co m p o n en ts  have  
infinite v o la t i l i ty  a n d  th e  h ea v y  c o m p o n en ts  a re  con ­
sidered  to  h a v e  zero  vo la t i l i ty
2  X n — O for the ligh t com p on en ts ( 1 1 )
v > r
- Y . =  ,F for th e  light com p on ents ( 1 2 )
— \r2  X ra =  —~ hF for the heavy  com ponents (13)
— Y m =  O for the heavy  com p on en ts (14)
M k d  R ' man d  fo r  th is  case, a t  a reflux ra t io  of
D




rm =  ratio of the k ey  com p onents in the liquid phase at 
the strip p in g  p inch  
ra =  ratio o f the key com ponents in the liquid phase at 
the fraction atin g  pinch
F o r  p u rp o se s  of i l lu s t ra t io n  the d eb u tan iz e r  e x a m ­
ple of S ch e ib e l10' will be used
Sam ple Calculation  
EXAM PLE 1
M ols M ols M ols
Feedi O verhead Bottoms
C3 ...................... 1.0 1.0cv 40.0 39.4 0.6
C®.................. i 23.0 4 22.6
C«. 16.0 16.0
c*___ 12.0 . . . . 12.0c®................... 8.0 8.0
40.8 59.2
Feed a t 220'" F.
M ols L iq u id ...................... 75.0
M els \  apor 25.0
Operating p ressure............ 100 psia
Equilibrium  constants are  from the Nomograph in the same article ie>.
D eterm ination  of R'm
M E T H O D  I:
A ssu m e =  1.4
then =  =  i M M 4 0 8 ) _ = 1 .435
M k d  39.8
from  equation  (7 )
Kca — (40-8)_— 0.583 approx. in fract. pinch
(2.4) (40.8)
K c< =  1.38 at the tem perature at w h ich  K cs — 0.583
’h is  a l lo w s  re la tive 
ca lcu la ted .
F ro m  e q u a tio n  (8)
T  v o la t i l i ty  a t  th e  u p p e r  pinch to 
be 
Kc (1 .4) (40.8) +  75 _
(2 .4) (40.8) —  25 V„ 
— 1.811 approxim ate in stripp ing pinch
Oia
Kcs — 0.82 w hen  K +  =  1.811
_  1.38 _
0.583
2.365
a n, =  = 2  21
0.82
n'avg —■ 2.288
F ro m  eq u a tio n  (1)
_  M l SMuf _  75 — 36 _
Mv — 2 M if
39.4 
39.4 +  0.4
25 —  1
1.622
0.99
zf =  ---- — ----- =  .635
40 +  23
U s in g  eq u a tio n  (5)






F ro m  eq u a tio n  (6)
R'm = — -— V -.2.288 (  Q- ^ 1 — 1.30 first approxim ation
1.288 L.572 \  .428 / J
Assume R ' m =  1.30
T h e n  (M g p) (L3Q) =  (39.8) (1.30) _  j  2?
D  40.8
F ra c t io n a t in g  pinch :
K cB=  -127  =  .56 ; Kc, =  1.33 
2.27
S tr ip p in g  p i n c h :
Kc< — ( /  H I  (50- | ) + 75 — ] 87 . KtS =  .85 
(2.27) (40.8) — 25
«u =  2.375
On, =  2.200
=  2.287






R'“ =  d g r [ - f — 2287
M k d  R'«
D
=  (39.8) (1.31) ^ 12g
40.8 — - 1  ~
M E T H O D  II :
As a first a s s u m p t io n :
MiP  R> _  =  1.28 from  M eth od  I. 
D
.561 — A pproxim ate K co at fractionating pinchJ.., _  1.28 —
V n 2.28
V„ =  (2.28) (40.8) =  93.0
L ra =  (1.28) (40.8) +  75.0 =  127.2







1.871 =  A pproxim ate K fl at stripp ing pinch
Pinch  te m p e ra tu re s  are assu m ed  u s in g  th e  a p p ro x i­
m ate  va lues  ca lcu la ted  above. T h e  key  co m p o n en ts  
a re  ca lcu la ted  a t  the  p inches  u s in g  eq u a tio n s  (9) and
6
TABLE 1
C om parison of Minimum Reflux R atios fo r Section I
FEED  CO M PO SITIO N




MontrossProblem Reference Xt Xtk Xhk Xh al ah C olburn
1 ........................................ .30 .30 .40 0.5 4.54 4.51 3.95
2 .................................................................................. .30 .30 .40 0.8 5.12 5.13 4.47
3 .................................................................................. .40 .30 .30 2.1 1.45 1.45 1.64
4 ............................................ f  15) 
(10)
1.38 1.38 1.27
5 .................................................................................. .95 .96 .95*
For Problem s 1, 2 and  3 th e  K  values for the  keys are given in Figure 1. Only a trace  of the heavy key goes overhead and  a trace of th e  ligh t key in in the  bo ttona . Feed is liquid a t the 
boiling poin t.
* Schiebel-M  ontross has com pensating errors.
(10). T h e  l ig h t  a n d  h ea v y  c o m p o n en ts  a re  d e te rm in e d  
f ro m  e q u a t io n s  (11) t h r o u g h  (14). T h e  a s s u m e d  t e m ­
p e ra tu r e s  a re  ch eck ed  b y  a  bo il ing  p o in t  d e te r m in a ­
tion. T h e  r e s u l t s  a re  s u m m a r iz e d  b e low  in ta b u la r  
form .
F ra c t io n a t in g  p i n c h :
1.5
K 174 X n Y n
C* 3.29 - . 0 1 1
C< 1.33 .551 .735
Cs .56 *.449 .2 51
1 . 0 0 0 .997
* b y  d i f f e r e n c e
S tr ip p in g  p i n c h :
K 211 X m Yrn K 210 X m
C 4 1 .87 *.393 .735 1 .85 *.396
C b .85 . 3 2 5 .276 .84 .322
C 6 ( - - .40 t -
C r 1 .282 - .188 •J .2 82
Cs i - - .0 9 2 t -






* b y  d i f f e r e n c e
.396
- =  1.00.551
.449
T h erefore M k d  R ' m  
D 1.28
R




Equilibrium C o n s t a n t s  




















—  1 J.86
.092
1.0 1 3.29 I
40.8 3.29
.565
R m  —  1.28 +  0.89 +  .006 =  1.38
I t  m ay  be  n o te d  th a t  th e  “K ” v a lu es  fo r  th e  c o r rec ­
tion  te rm s  w e re  tak en  a t  th e  p inch  te m p e r a tu re s
co r re s p o n d in g  to  a v a lu e  MK^ R M t= 1 .2 8  r a th e r  th a n
th e  t r u e  m in im u m  reflux ra t io  1.38. H o w e v e r ,  it  
sh o u ld  a g a in  be  em p h as iz ed  th a t ,  h ad  th e  co r rec tio n
t e rm  b een  la rg e  c o m p a re d  to  Mk^ R m , fo r  p rec ise
re s u l t s  a n o th e r  ca lcu la t io n  w o u ld  h av e  been  n ec es ­
sa ry ,  u s in g  th e  f irs t v a lu e  of R m  (1.38) to  d e te rm in e  
th e  “ K ” v a lu es  a t  th e  p inches.
D iscu ssio n  and C onclusions
In  T a b le  l  a  few  re s u l t s  of th e  p re s e n t  m e th o d  a re  
co m p a re d  w ith  re s u l ts  o b ta in ed  by th e  Scheibel-
M o n tro s s 17 a n d  th e  C o lb u rn 3 m e th o d s .  T h e  present 
m e th o d  sh o w s  a  m a x im u m  d e v ia t io n  o f 1 percent 
f rom  th e  C o lb u rn 3 m e th o d ,  w h i le  t h a t  o f  Schiebel- 
M o n t ro s s 17 s h o w s  a  m a x im u m  d e v ia t io n  of 13 percent.
S ince  th e  c o r re la t io n  of C o lb u rn 3 h o ld s  ex trem ely  
w ell  fo r  s y s te m s  of c o n s ta n t  v o la t i l i ty  a n d  shou ld  be 
eq u a lly  as  re liab le  fo r  s y s te m s  in  w h ic h  th e  volatili ty  
va r ie s ,  no  s tep w ise  c a lc u la t io n s  w e re  m a d e  fo r  com­
p ar ison .
T h e  m e th o d  p re s e n te d  is a s  re l iab le  as  th e  corre la­
t io n  of C o lb u rn 3 a n d  r e q u ir e s  c o n s id e ra b ly  fewer 
ca lcu la t io n s ,  e sp ec ia l ly  as  th e  n u m b e r  of com ponen ts  
in th e  s y s te m  b ec o m e s  la rge .
Simplified Multi-Component 
Fractionation Calculations
P a r t  II 
MULTI-COMPONENT TRAY CALCULATIONS
RAYMOND V. BAILEY and JESSE COATES
I N  THIS second installm ent of a th ree-part series, the 
authors continue with a presentation of calcu lation  pro­
cedures app licab le to  m ulticom ponent fractionation. In part 
I, which appeared in the January, 1948, issue of Petroleum  
Refiner, a  m odification of the Scheibel-M ontross17 equation  
for minimum reflux w as treated.
In this section . Part II, a pseudo reflux ratio and an 
equilibrium curve are defined in a more accurate manner for 
the  application of the Scheibel15 method for tray determ ina­
tions. T he m odified m ethod has a maximum error of about 5 
percent com pared to about 2 0  percent for the unmodified  
m ethod.
Part III (which will appear later) contains a graphical so­
lution for tray requirem ents which is more advantageous  
than th e  m odified Scheibel m ethod of Part II if a h eat balance  
around the feed  point is necessary and the minimum reflux 
ratio is not o f primary sign ificance. In addition, the proposed 
m ethod perm its a check  on the assum ed distribution of a split 
key.
The graphical solution presented is som ew hat similar to the  
m ethod proposed by H engstebeck8, but with the pseudo oper­
ating lines and equilibrium curve defined in such a manner as 
to  perm it application  of the m ethod a t reflux ratios near the  
minimum as well as reflux ratios which are large compared  
to the  minimum.
M ulti-com ponent system s are placed  on the basis of the 
key com ponents by the  definitions:
nr
X H T S  sec tion  con ta ins  a m odification  of Sche ibe l’s 1" 
m e th o d  of t r a y  d e te rm in a tio n  fo r a  m u lt i -c o m p o n en t  
sys tem . T h e  p seu d o  reflux ra tio  an d  th e  equ ilib rium  
cu rv e  a re  p ro p e r ly  defined so t h a t  th e  m e th o d  is, 
in g ene ra l ,  re l iab le  w ith in  5 percen t .
T h e  f irs t  r ig o ro u s  m e th o d  for m u l t i -c o m p o n en t  t ray  
ca lcu la t ions  invo lved  cons iderab le  tr ia l  an d  e r ro r  in 
m a tc h in g  co m p o n en ts  a t  th e  feed t ray .  J e n n y 11 de­
scr ibed  a m e th o d  of c a lc u la t in g  th e  feed t r a y  co m p o s i­
tion, th u s  e l im in a t in g  th e  tr ia l  and  e r ro r  in m a tc h in g  
co m p o n en ts .  R o b in so n  an d  G illiland14 p roposed  an 
“a lp h a ” m e th o d  w h ich  sim plified th e  equ ilib rium  
ca lcu la t io n s  a t  each  t ray .  H o w e v e r ,  even w ith  these  
s im plif ica tions , th e  m e th o d  is lo n g  and  laborious.
J e n n y 11 p ro p o sed  a  g rap h ica l  so lu tion  for m ulti-  
c o m p o n e n t  t r a y  re q u ire m e n ts  w h ich  invo lved  several 
t r a y  ca lcu la t io n s  to  d e te rm in e  th e  equ il ib r ium  curve
for the  keys. T h e  accu racy  of the  m e th o d  d ep en d s  on 
a choice of the  feed t ra y  te m p e ra tu re  an d  th e  n u m b e r  
of t r a y  ca lcu la t ions  m ade  to  es tab lish  the  eq u il ib r iu m  
curve. F o r  a sy s tem  w ith  several c o m p o n en ts  the  
w o rk  becom es r a th e r  laborious.
H u m m e l10 ex p an d ed  th e  m e th o d  of J e n n y 11 an d  
app lied  it  to the  case of co m p o n en ts  w i th  vo la ti li t ies  
in te rm ed ia te  b e tw een  th e  keys.
J e n n y  an d  C icalese12 p re sen ted  a m e th o d  of p lo t ­
t in g  a m u lti -co m p o n en t  sy s tem  on a tw o -c o m p o n e n t  
d iag ra m  by  co m b in in g  all l ig h t  co m p o n en ts  w i th  th e  
ligh t key  an d  all heavy  co m p o n en ts  w i th  th e  heav y
N O M E N C L A T U R E
a —  Rela t ive  volat i l i ty  w i th  r e spec t  to  heavy  
key
d — Mols  of  co m pon en t  in ove rh ead  
D — T o ta l  mo l s  ove r he ad  
f ~  Fu n c t i o n
Equi l i b r i um cons t an t  =  Y / X  
1 =  Mols  of co m p o n en t  in l iquid phase  
L  =  Mols of l iquid downf low  in co lum n  
m  ~  Pseudo  ra t io  of l iquid to va po r  
M =  Mol s of  c o m p o n e n t  
N — N u m b e r  of theoret i ca l  t r ay s  
R  =  Ref lux  rat io,  mo ls  ref lux per  mole of  o v e r ­
head
R'  =  Ps e ud o  ref lux rat io,  mol s  ref lux per  mo le  
of keys  ov e rhead  
v =  Mol s of c o m p o n e n t  in vap o r  phase
V  — Mols of va po r  up flow in t ower  
w  —  Mol s  of c o m p o n e n t  in b o t t o m s
W  =  To t a l  mo ls  of b o t t o m s  
x =  Mol  f rac t i on of l i ght  key in l iquid on two-  
c o m p on en t  basis.
X  =  Mol frac t i on of co m po ne n t  in l iquid 
phase
y =  Mol f r a c t i on  of l i ght  key  in vap o r  on two-  
c o m p o n e n t  basis.
Y =  Mol f ract ion of co m po ne n t  in va p o r  phase  
=  Mol f ract ion of  l ight  key  in va po r  plus
l iquid on tw o -c o m p on en t  basis 
Z =  To ta l  mol  frac t i on of c o m p on en t  ( l iquid 
+  vapo r)
S u b s c r i p t s :
i) — Ov e r he a d  
f =  Feed t r ay  
k =  feed
h =  heavy componen t ,  heavie r  t han  heavy key 
Iik =  heavy key 
i =  int ersec t ion of o pe ra t i n g  l ines 
1 — l ight  comp one n t ,  l i ght er  t han  l i ght  key 
Ik '=■ l ight  key 
r, — liquid 
m — st r ipping  sect ion 
jt ™ min imum 
n =  f r ac t i ona t i ng  sect ion 
t =  ton  t r ay  
v — vapo r  
w  —  bo t to ms
S u p e r s c r i p t s :
' =  p seudo
The equilibrium curve and pseudo operating lines are d e­
term ined by a calcu lation  of the com position on the  feed  tray 
and the  tray above the  feed.
The proposed m ethod requires fewer calcu lations than the 
m ethod of Jenny10 and elim inates the trial and error in the 
determ ination o f  the feed  tray tem perature.
The maximum error is about 5 percent.
Mr. Bailey is a graduate student in chem ical engineering, 
Louisiana S tate University, Baton Rouge, La., and Dr. C oates 
is professor of chem ical engineering at the sam e institution.
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key . H o w e v e r ,  th e  m e th o d  h as  th e  d is a d v a n ta g e  of 
r e q u i r in g  one  se t  of t r a y  b y  t r a y  ca lcu la t io n s  in o rd e r  
to  d e te rm in e  th e  eq u i l ib r iu m  curve.
S ev era l  c o r re la t io n s 2-7 h av e  b een  p re s e n te d  fo r  the  
e s t im a t io n  of t r a y s  a t  a  g iv en  reflux  ra tio ,  based  on 
th e  m in im u m  reflux ra t io  an d  th e  t r a y s  a t  to ta l  reflux. 
T h e s e  c o r re la t io n s  a re  re liab le  w i th in  a b o u t  ten  p e r ­
cent.
S ch e ib e l15 in t ro d u c e d  a  g ra p h ic a l  so lu t ion ,  b u t  
fa iled  to  p ro p e r ly  define th e  p seu d o  reflux ra t io  and  
th e  eq u i l ib r iu m  curve. D u e  to  th is ,  e r ro rs  as  g r e a t  as  
15-20 p e rc e n t  m a y  be e n c o u n te re d  on s im p le  sy s tem s .
S c h e ib e r s 15 m e th o d  co n s is ts  of p lo t t in g  p seu d o  
o p e ra t in g  l ines  o n  a  b in a ry  d is t i l la t io n  cu rv e  of the  
key  c o m p o n e n ts  a n d  s te p p in g  off th e  t r a y s  as on the  
co n v en tio n a l  M cC a b e -T h ie le 1 d iag ram .
F ro m  th e  co r re la t io n
R  — R m  _  f f  N  — N m \
R  +  x ,  J  \  N  +  l  /
th e  p seu d o  reflux is defined b y  S c h e ib e l15 
R ' m  - J -  X t
R '  +  x i  —  ( R  +  x +
R m  +  X i
where /  ~  function
N  =  num ber o f  trays at g iven  reflux ratio, R  
N m  — num ber of trays at to ta l reflux
T h e  co m p o s it io n  b ased  on th e  k ey s  a n d  th e  p seu d o  
feed  line are th e  sam e  as defined in P a r t  I.
M odification of the D efin ition  of the E quilibrium
Curve
A s p o in ted  o u t  in P a r t  I, if th e  l ig h t  co m p o n en ts  
a re  co n s id ered  to  have  infin ite  v o la t i l i ty  a n d  th e  
h ea v y  c o m p o n e n ts  a re  a s su m ed  to  have  ze ro  v o la t i l i ty
F o r  th e  s t r ip p in g  sec tion
2  MhF2 X k„ . — 1 —
L \
2  Y Keys =  1.00 
an d  fo r  th e  f r a c t io n a t in g  sec tion  
2 X Kw  =  1.00
2 Y kcys - 1 M , £
V'n
T h e re fo re  th e  eq u i l ib r iu m  cu rv e  m a y  be defined for 
th e  s t r ip p in g  sec tion  
1
(16)1 2  M h F  1----  K h K
K  1 K   K h K
y = K, g - K „ [ 1 - K“ ( 1
a n d  fo r  th e  f r a c t io n a t in g  sec tion  
2 M,=0zBz
K i k  -----  K h K
=  K ik  x  
! 2  M  IF
Khf
(17)
( 1 8 )
(19)
V ' „
These values o f x  and y  m ay be used to construct the 
eq u i l ib r iu m  curve.
M odified D efin ition  of P seu d o  R eflux R atio
In  o rd e r  to  eq u a te
R  — R m  _  +  / N  —  N m \  R '  — R ' m
R  +  x i R '  +  x ,
to  so lve fo r R ',  R  an d  R m m u s t  be co n v e r ted  to  m ols  
of re flux p e r  m ole  of th e  k ey  c o m p o n e n ts  o v e rh e a d  
o th e rw is e  R  -f- x 4 h as  no  significance. A c tu a l ly  in the  
te rm  R -j- Xj, th e  va lue  of x t sh o u ld  be s l ig h tly  d iffe r­
en t  f ro m  Xi in R '  -j- Xi, b u t  th e  d iffe rence  in  th e  resu lt  
is, in g en e ra l ,  neg lig ib le .
T h e re fo r e
D




R' — R ' n  
R '  +  x i
from  w h ich
(20)
Sam ple T ray  C alcu lation  for P art II
E X A M P L E  I I
T h e  t r a y  r e q u i r e m e n ts  fo r  th e  d e b u ta n iz e r ,  illu- 
t r a te d  in E x a m p le  I, will be  d e te rm in e d  fo r  a reflux 








0 3 ................................................... 1.0 1.0
0 4 ..................................................................................... 40.0 39.4 0.6
C s ..................................................................................... 23.0 .4 22.6
C s ..................................................................................... 16.0 16.0
0 7 ..................................................................................... 12.0 12.0
C s ..................................................................................... 8.0 8.0
40.8 59.2
Feed a t  220° F.
M ols L iqu id .................................................  75.0
M ols V apo r..................................................  25.0
O perating p ressu re ............................ lOOpsia.
Equilibrium  constan ts  a re  from th e  N om ograph in  th e  sam e article
F ro m  E xam ple  I, P a r t  I
R ' m  =  1.31 
R m  =  1.38 
x , =  0.57
m  =  1.622 
R  =  3.00
F r o m  e q u a tio n  (20)
R' +  .57 =  (  (40-8 > (3 .0) _j.
V 39.8 ^
.57 ) ( i
1.31 + . 5 7
(40 .8) (1 .38) , 
y \  39.8
R '  =  2.85
L'm =  (2.85) (39.8) +  75 — 188 m ols  
F o r  th e  s t r ip p in g  se c t io n :
2 X KOy B =  l  3 6  —
.57
188 .808
F ro m  eq u a t io n s  (16) a n d  (17)
1
' V  1 .2 4 — K e.808 —  K c
K c 4 --  K c s K c 4  -----  K c s
y — K c 4  ( I
K c 4 —  K c 6
.808 K c s )
K e 4 K c s X y
2.31 1.15 .078 .139
2 . 2 1 1 . 1 0 .126 . 2 2 1
2.09 1 . 0 0 . 2 2 0 .368
1.92 0.90 .333 .515
1.77 0.80 .453 .645
1.67 0.75 .532 .715
F o r  th e  f r a c t io n a t in g  sec tio n  :
12Yi — i
(2.85 +  1) (39.8) 
F ro m  E q u a t io n s  (18) a n d  (19) 
„  „  .993 —  Kc*
=  .993
y =
K c 4  —  K c  
K c 4  x
.993
9
K c* K cs X y
1.40 0.60 0.491 0.692
1.23 0.50 0.675 0.836
1.04 0.40 0.926 0.970
Xd —
Zf
3 9 4  =  0.99
39.4 +  0.4
0 6  — 0.026
0.6 +  22.6 
40 _
40 +  23
0.635
T h e  eq u i l ib r iu m  cu rv es  a re  p lo t ted  in F ig u re  2, 
a lo n g  w i th  th e  p seu d o  o p e r a t in g  lines w h ich  in te r ­
sec t  on  th e  p seu d o  feed line. T h e  t r a y s  are s tepped  
off as  on th e  co n v en tio n a l  M cC ab e -T h ie le1 d iag ram .
R e fe r r in g  to F ig u re  2, it m a y  be n o ted  th a t  th e  s tep  
a t  th e  in te rse c t io n  of th e  o p e ra t in g  lines ( th e  feed 
t r a y  s tep )  in te r s e c ts  b o th  eq u il ib r iu m  curves . T h e  
in te rsec t io n  of th is  s tep  w i th  th e  s t r ip p in g  sec tion  
cu rv e  r e p re s e n ts  th e  v ap o r  co n c en tra t io n  from  the  
feed t ray ,  w h i le  th e  in te rsec t io n  w i th  the  f r a c t io n a t ­
in g  cu rv e  r e p re s e n ts  the  v ap o r  co n cen tra t io n  above 
the  feed p o in t  to the  t r a y  above  th e  feed.
D iscu ssio n  and C onclusions
F iv e  i l lu s t ra t iv e  ex am p le s  h av e  been  se lec ted  from  
th e  l i te ra tu re  an d  a co m p ar iso n  of th e  re su lts  by  
several  m e th o d s  h as  been  m ade  in T a b le  2. T h e  m ax i­
m u m  e r ro r  b y  th e  p re s e n t  m e th o d  w as  3.5 percen t,  
w h i le  S c h e ib e r s 15 m e th o d  g av e  a  m a x im u m  e r ro r  of 
16 p ercen t .
T h e  ac c u ra c y  of th e  m e th o d  is l im ited  b y  the  re ­
l iab ili ty  of th e  em pir ica l  co r re la t io n  fo r o b ta in in g  the  
p seu d o  reflux ra tio .  H o w e v e r ,  in m o s t  cases the  
p seu d o  m in im u m  reflux ra tio  ap p ro ach es  the  ac tua l  
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FIGURE 2  
Determination of Trays for Example II
corre la t ion  need  hold  on ly  o ver  a  l im ited  range .  T h is  
m ak es  th e  m eth o d ,  in genera l ,  m o re  re liab le  th a n  the  
co rre la t ions  of G ill iland7 and  B ro w n  and  M ar t in .2
T h e  p re se n t  m e th o d  h as  the  fu r th e r  a d v a n ta g e  of 
g iv in g  d irec t ly  th e  o p t im u m  feed t ray .
In  p re l im in a ry  design  w o rk ,  since, fo r  m an y  sy s­
tem s, th e  position  of th e  eq u il ib r iu m  cu rve  does no t  
ch an g e  ap p rec iab ly  for a m o d era te  ch an g e  in reflux 
ra tio , one equ il ib r ium  cu rv e  ca lcu la tion  m ay  suffice 
for the  t r a y  d e te rm in a tio n s  a t  severa l  reflux ra tios.
TABLE 2A
D escription of Illu strative Cases fo r Section II
Problem Reference
FEED COM PO SITION RELATIVE VOLATILITIES
PRODUCT 
CO M PO SITIO N  
BASED ON KEYS
Xi Xik Xhk Xb ai aik ahk ah Overhead Bottoms
1................................ 0 4 ) 0.30 0.30 0.40 4 2 1 0.980 0.010
2 ...................................................... 0 4 ) 0.72 0.12 0.16 4 2 1 0.985 0.010
3 ...................................................... 0 4  j 0.30 0.20 0.20 0.30 4 2 1 0.5 0.975 0.025
4 ...... ....... .................. O S’1 Jebutanizer illustrated 0.99 0.026
5 ...................................................... (10) Depropanizer example of Jenny 's 0.9SS 0.023
TABLE 2B










STR IPPIN G FRACTIONATING
R Author Scheibel Author Calc. Scheibel Author Calc. Scheibel Author Calc, Scheibel
1 0.500 1.127 1.88 3.00 5.12 4.40 8.5 8.9 8.5 7.1 7.3 7.5 15.6 16.2 16.0
2 0.726 0.500 1.25 0.74 2.03 1.68 11.1 10.7 11.0 8.8 8.8 9.4* 10.9 19.5 20.4*
3 0.610 0.913 1.47 1.78 3.03 2.66 8.1 7.3 8.6 6.7 7.0 7.1 14.8 14.3 15.7
4 1.38 1.32 3.00 2.85 2.80 8.0 8.0 6.2 5.6 5.6 5.5 13.6 13.6 11.7
Jenny Jenny Jenny
5 0.47 0.95 2.05 1.50 3.26 3.03 9.0 8.8 9.0 6.0 5.7 8.3 15.0 14.5 17.3
* Using Scheibfl’a figures, the au thor obtained 11 fractionating trays, total =  22.




RAYMOND V. BAILEY an d  JESSE COATES
O f T E N  it is des irab le ,  in o rd e r  to m ak e  a hea t 
ba lance  a ro u n d  th e  feed tray ,  to  k n o w  th e  feed t r a y  
c o m p o s i t io n  an d  t e m p e r a tu r e  as well as  th e  t r a y  r e ­
q u i r e m e n ts  fo r  a g iv en  reflux ra tio .  In  m a n y  of th ese  
cases  th e  t ru e  m in im u m  reflux is n o t  of p r im a ry  s ig ­
nificance. T h e re fo re ,  it  is d es irab le  to  h av e  a rap id  
m e th o d  of e s t im a t in g  th e  t ra y  r e q u i r e m e n ts  w i th o u t  
reco u rse  to th e  ca lcu la ions  n ec ess i ta ted  in P a r t s  I 
and II .  ( R e f i n e r , Jan u a ry  and February ,  1948.)
H e n g s te b e c k 8 p laced  m u l t ic o m p o n e n t  sy s te m s  on 
a tw o -c o m p o n e n t  b as is  by  def in ing  an eq u iv a le n t  
ra tio  of l iqu id  to v a p o r  in each  sec tion  of th e  co lum n  
based  on  th e  p inch  com posit ions .  T h e  defin ition of the 
eq u il ib r iu m  cu rv e  is co r rec t  on ly  a t  to ta l  reflux, an d  
th e  defin it ion  of th e  e q u iv a le n t  o p e ra t in g  l ines does 
n o t  p e rm i t  ap p l ica t io n  of th e  m e th o d  a t  reflux ra t io s  
ap p ro a c h in g  th e  m in im u m . In  ad d it io n ,  h ea v y  c o m p o ­
n e n ts  o r  l ig h t  c o m p o n e n ts  w h ich  m ig h t  p e r s is t  p ra c ­
t ica lly  th e  en t i re  l e n g th  of th e  f ra c t io n a t in g  o r  srip-
T h i s  is the third and final part o f a series which has 
appeared in consecutive issues of Petroleum Refiner present­
ing calcu lation  procedures app licab le to m ulti-com ponent 
fractionation. In Part I a m odification of the Scheibel- 
Montross17 equation for minimum reflux was treated . In Part II 
a psuedo reflux ratio and an equilibrium curve was defined  
for the application  of th e  S cheibel18 m ethod of tray determ i­
nations. This Part 111 contains a graphical solution for tray 
requirem ents which is more advantageous than the m odified  
Scheibel m ethod of Part II if a h ea t b alance around the feed  
point is necessary and the minimum reflux ratio is not of 
primary sign ificance. In addition, the proposed m ethod per­
m its a check  on the assum ed distribution of a sp lit key.
T he graphical solution presented is som ew hat sim ilar to the 
m ethod proposed by H engstebeck8, but with the pseudo oper­
ating lines and equilibrium curve defined in such a manner as 
to  perm it application  of the m ethod a t  reflux ratios near the  
minimum as w ell as reflux ratios which are large com pared  
to the minimum.
M ulti-com ponent system s are p laced  on the basis o f the 
key com ponents by the definitions:
The equilibrium curve and pseudo operating lines are d e ­
term ined by a ca lcu lation  of the com position on the feed  tray 
and the tray above the feed .
The proposed m ethod requires fewer ca lcu lation s than the 
m ethod of Jenny10 and elim inates the trial and error in the  
determ ination of the feed  tray tem perature.
T he maximum error is about 5 percent.
N om enclature appears on last page of article.
Mr. Bailey is a graduate student in chem ical engineering, 
Louisiana S tate University, Baton Rouge, La., and Dr. C oates  
is professor o f chem ical engineering a t the sam e institution.
p in g  sec tion ,  re sp ec t iv e ly ,  a re  n o t  co n s id e red  in the 
defin it ion  of th e  p seu d o  o p e r a t in g  lines. T h u s ,  in gen­
eral,  th e  m e th o d  is ap p l icab le  on ly  to  eas ily  separated 
c o m p o n e n ts  a t  la rg e  re flux  ra tios .
J e n n y ’s11 m e th o d  w o u ld  suffice fo r  th e  t r a y  deter­
m in a t io n s ,  b u t  th e  m e th o d  o ffered  h e re  e l im in a tes  the 
tr ia l  an d  e r ro r  in o b ta in in g  th e  feed t r a y  tem pera tu re  
a n d  th e  sev e ra l  m u l t i c o m p o n e n t  t r a y  ca lcu la t io n s  re­
q u ired  in o rd e r  to  es tab l ish  th e  eq u i l ib r iu m  curve for 
th e  J e n n y 11 m e th o d .
In  o b ta in in g  th e  feed t r a y  c o m p o s i t io n  an d  tem ­
p e ra tu re ,  th e  feed t r a y  ac t io n  m u s t  be considered .
G il l i lan d 5 g ives  e q u a t io n s  fo r  th e  o p t im u m  feed 
t ray  fo r  th e  fo l lo w in g  cases  :
Case 1. V ap o r  en tering  the plate above the feed tray 
has the same composition as the vapor leaving the feed 
tray.
X  I K  \  -  - /  X  I K  \  =  /  X  I K  \
XhK / £  \  XhK /  I \  XhK /  1+1
Case 2. Feed is p a r t  vapor. V ap o r  portion mixes 
physically with the vapor ris ing  fro m  the feed tray, but 
does not react  w ith  the feed t ray  liquid.
X  I K  \  =  /  X  I K  \  =  /  X  I K  \
XhK )  t  \  XhK /  F  \  XhK /  1+1
Case 3. Feed  is all v apor  and m ixes with the feed 
tray  vapor, but does not react w ith  the  liquid on the 
feed tray.
v V  3 ( W  3  ( V s-)A h K  /  £+3 \  A b K  /  1 \  - X - h K  /  f  +2
w here
XiK =  M ole fraction  o f ligh t k ey  in liquid  
X  hK — M ole  fraction  o f h eavy  key in liquid
S u bs c r ip t s :
f =  feed  tray  
r+i =  tray above feed  
r+2 =  secon d  tray above feed  
i =  in tersection  o f op eratin g  lines o f k ey com ponents 
f  — feed
Since, as  p o in te d  o u t  b y  G il l i land ,5 th e  optimum
| feed t r a y  is a  fu n c tio n  of th e  feed  t r a y  ac tion ,  multi-
! c o m p o n e n t  ca lc u la t io n s  will  be  p laced  on  a two-
c o m p o n e n t  bas is  fo r  b o th  ty p e s  of feed  t r a y  action.
In  g en e ra l ,  th e  feed  t r a y  ac t io n  w ill  h av e  no  appre­
ciab le  effect on  th e  to ta l  n u m b e r  of t ra y s ,  b u t  the 
o p t im u m  feed  t r a y  a n d  feed  t r a y  t e m p e r a tu r e  m ay  be 
co n s id e rab ly  affec ted .
Case I : T h e F eed  V apor Is  C onsidered  in Equilibrium  
w ith  th e F eed  T ray  L iqu id
If th e  eq u iv a le n t  co m p o s i t io n  b a s e d  on th e  key
11
c o m p o n e n ts  is defined as
x  __ X ,K
XlK  ~f" XhK
Y 1K 
Y , k + Y h K
w here
x  =  m ole  fraction  o f  th e  ligh t k ey  in the liquid on a tw o- 
com p on en t basis
y  =  m o le  fraction  o f the ligh t k ey  in th e vapor on a tw o- 
com ponent basis
X  =  m o le  fraction  in the liquid  on a m u lticom pon en t basis
=  m o le  fraction  in vapor on a m u lticom ponent basis
S u b scr ip ts: 
hK =  h ea v y  k ey  com p on en t 
ik =  ligh t k ey  com ponent
th e n  th e  p o in ts  x w an d  x D 
w here subscrip t w  — B ottom s  
d =  O verhead
a re  read i ly  p lo t te d  on a  M cC ab e -T h ie le  d iag ram .
T h e  feed t r a y  co m p o s it io n  m a y  th e n  be ca lcu la ted  
b y  n o t in g  th a t  u su a l ly  in th e  f r a c t io n a t in g  sec tion  a 
few trays below the condenser the vapor  composition 
of th e  c o m p o n e n ts  l ig h te r  th a n  th e  l ig h t  key  has  been 
red u ced  to  a  c o n s ta n t  v a lu e  even  th o u g h  th e  liquid  
co m p o s it io n  m a y  be ch a n g in g  q u i te  rap id ly .  S im ilarly ,  
in  th e  s t r ip p in g  sec tion , a  few  t r a y s  from  th e  rebo ile r  
the liquid  composition of the components heavier than 
th e  h e a v y  k e y  h a s  a t ta in e d  a c o n s ta n t  va lue  even 
th o u g h  th e  v a p o r  co m p o s it io n  m ay  be ch a n g in g  q u ite  
rap id ly .  A t  th e  p inches,  th e  v ap o r  an d  liqu id  com posi­
t ion  b eco m es  c o n s ta n t  in each  section .
F ro m  th e  eq u a t io n s  of th e  o p e ra t in g  lines an d  the  
above  o b se rv a t io n s  i t  fo llow s th a t  for co m p o n en ts  






N o te  1. I f  L b/ V o is sm all com pared to  Kt then the ratio  
Kr/Kr+i m ay  be a ssu m ed  to  be one w ith ou t in troducing ap­
preciab le error.
S im ila r ly  fo r  th e  c o m p o n en ts  h ea v ie r  th a n  th e  





X  =  m ole fraction  in liquid  
d =  m oles o f com pon en t in overhead  
V  = : m oles of vapor up-flow  
L  =  m oles of liquid dow n-flow  
w  =  m oles o f com p on en t in bottom s  
K  =  equilibrium  constant
Subscrip ts:
„ =  fraction atin g  section  
m =  stripp ing section
A  feed t r a y  t e m p e ra tu re  is a s su m ed  by  u s in g  the 
p inch  te m p e ra tu re s ,  as  se t  fo r th  by  Je n n y ,11 as a 
gu ide . T h i s  a s su m ed  t e m p e r a tu re  need  n o t  be the  
o p t im u m  in o rd e r  to  e s tab lish  ac cu ra te ly  the  o p e ra t ­
i n g  l ines  an d  o b ta in  th e  o p t im u m  feed tray .  T h e  
l iqu id  co m p o s i t io n s  on th e  feed t r a y  for th e  l igh t  and  
h ea v y  c o m p o n e n ts  a re  ca lcu la ted  by  eq u a tio n s  (21) 
an d  (22).  T h e  v a p o r  co m p o s it io n s  a re  ca lcu la ted  by
Y , =  K f X ,
an d  the  co m pos it ions  of the  keys  o b ta in ed  b y  s im u lta -  
t ion.
C a lcu la t ions  a re  th en  m ad e  to o b ta in
1) liqu id  com posit ion  of t r a y  f —(— 1;
2) bo il ing  p o in t  of liqu id  on t ra y  f —(— 1;
3) v ap o r  com posit ion  of keys  on  t ra y  f -— 1.
T h e n ,  by p lac in g  t ra y s  f, f -j- 1, an d  f —  1 on a tw o-
co m p o n en t  bas is  in th e  sam e m a n n e r  as  th e  b o t to m s  
an d  o verhead , x f, y f, x t+1 an d  y ^  a re  o b ta in ed  and  th e  
p seu d o  operating* lines can  be d raw n ,  s ince tw o  p o in ts  
have  been  e s tab lish ed  on  each o p e ra t in g  l i n e :
1 ) xd and (y f, xr+i) for fractionating  section .
2 ) x »  and ( x r, yt-i) for stripp ing  section .
F ro m  a bo iling  p o in t  ca lcu la t ion  of th e  b o t to m s  and  
a dew  p o in t  of th e  o verhead ,  th e  re la t ive  vo la t i l i ty  of 
th e  keys  is k n o w n  a t  fou r  p o in ts  (b o t to m , t r a y  f, 
t r a y  f -(-1, an d  to p )  o ver  the  te m p e ra tu re  ra n g e  of the  
m u lt ico m p o n e n t  sys tem . T h e  l iqu id  com pos it ion  on  a 
tw o -c o m p o n e n t  basis  is also k n o w n  a t  th ese  four 
po ints .  A  sm o o th  curve  of re la t ive  vo la t i l i ty  versus  
liqu id  com posit ion  (on  a tw o -c o m p o n e n t  bas is )  
th ro u g h  the  p o in ts  ( x t, a t ), ( x f+1, a f+1) and  (x w, «w) 
will, fo r  all p rac t ica l  en g in ee r in g  pu rp o se s ,  suffi­
c ien tly  define the  equ il ib r ium  cu rve  for the  f r a c t io n a t ­
in g  section. S im ilarly , a cu rve  th ro u g h  the  p o in ts  
(x w, «w), ( x t, «f),  and  ( x t, «t ) will su ffic ien tly  define 
the  equ il ib r ium  cu rve  for the  s t r ip p in g  section.
If  the  v a r ia t io n  of the  re la t ive  v o la t i l i ty  w i th  t e m ­
p e ra tu re  is sm all  n e a r  th e  feed t ra y  te m p e ra tu re  the  
bo il ing  p o in t  ca lcu la tion  fo r t r a y  f —|— 1 is u n n ec essa ry  
an d  on ly  the  liqu id  com posit ion  of the  keys  fo r t r a y  
f -j- 1 need  be ca lcu la ted .
T h e  equ il ib r ium  cu rve  is o b ta in ed  from  the  re la t ion
1 _|_ —  l ) x
w here a — relative vo la tility  o f the ligh t key  w ith reference to 
the heavy key.
T h e  t ra y s  a re  th en  s tep p ed  off as on th e  co n v en ­
tional M cC abe-T h ie le  d iag ram  fo r  a tw o -c o m p o n e n t  
system .
If th e  v a r ia t io n  of th e  re la t ive  v o la t i l i ty  is v e ry  
sm all over  the  en tire  te m p e ra tu re  ra n g e  of th e  m ulti-  
co m p o n en t  sy s tem  th e re  is no necess i ty  for th e  ca lcu­
la tion  of the  bo il ing  p o in t  of the  b o t to m s  and  th e  dew  
p o in t  of the  o v e rh ead  an d  the  d e te rm in a tio n  of the  
n u m b e r  of t r a y s  becom es ex tre m e ly  simple.
Determination o f  O ptim um  Feed Tray fo r  Case I :
T h e  o p t im u m  feed t ray  is th a t  t r a y  w h ich  s trad d les  
the in te rsec t io n  of the  pseudo  o p e ra t in g  lines.
Determination o f  O ptim um  Feed Tray Temperature fo r
Case I:
F o r  a s su m p t io n s  of feed t ra y  te m p e ra tu re s  over  a 
ran g e  of several deg rees  th e  ra tio  of 2 Y / 2 X for the  
keys  does no t  change  apprec iab ly .  T h e  equ il ib r ium  
co n s tan t  for the  ligh t key  is equal to  y s Y / x 2 X. T h e  
ra tio  y / x  is ob ta ined  from th e  eq u il ib r iu m  cu rve  for 
the  tw o -co m p o n en t  sy s tem  at the o p t im u m  feed tray .  
2 Y / SX for the  keys is o b ta in ed  from  the  feed t ra y  
com posit ion  calculation.
If  the  a ssu m ed  feed t ray  te m p e ra tu re  v a r ie s  co n ­
s iderab ly  from  the  ca lcu la ted  o p tim u m , a second 
ca lcu la t ion  of th e  feed t ray  com posit ion  m ay  be m ade  
if a ve ry  accu ra te  o p t im u m  feed t r a y  te m p e ra tu re  is 
desired. H o w ev er ,  th is  la rge  difference in t e m p e r a ­
1 2
t u re s  ( a s su m e d  a n d  o p t im u m )  will, in g en e ra l ,  have 
no ap p rec iab le  effect on th e  t r a y  d e te rm in a tio n s .
M in im u m  R e f lu x :
F o r  reflux ra t io s  n e a r  th e  m in im u m , the  k ey s  m ay  
pass  th ro u g h  a m a x im u m  co n c e n tra t io n  v a lu e  as 
sh o w n  by  r e a r r a n g e m e n t  of the  eq u a tio n s  of the  
o p e ra t in g  l ines i l lu s t ra te d  by  J e n n y .11 If  th e  p inch  
t e m p e ra tu re s  show  th a t  th e  keys  pass  th ro u g h  a 
m a x im u m  before  re a c h in g  th e  feed t ra y  for th e  s t r i p ­
p in g  sec tion , an d  th e  t r a y  ab o v e  th e  feed for the  
f r a c t io n a t in g  sec tion , t r a y  ca lcu la t io n s  m u s t  be  m ad e  
th ro u g h  th e se  m a x im u m  v a lu es  in o rd e r  to  es tab l ish  
th e  p seu d o  o p e ra t in g  l ines  on th e  tw o  c o m p o n e n t  
d iag ram .
Case II. T h e V apor of the F eed  Is N o t in E quilibrium  
W ith  th e F eed  T ray L iquid
T h e  p lac in g  of th e  m u l t ic o m p o n e n t  s y s te m  on a 
tw o -c o m p o n e n t  b as is  is es sen tia l ly  th e  sam e as  for 
C ase I, b u t  w i th  th e  fo l lo w in g  a d ju s tm e n ts :
1) C a lcu la t io n  of feed t r a y  c o m p o s i t io n ;
A  te m p e r a tu r e  sp re ad  is a s su m e d  b e tw e en  th e  feed 
t r a y  an d  th e  t r a y  above , w i th  th e  sp re ad  b e in g  
eq u a lly  d i s t r ib u te d  on e i th e r  side of th e  p inch  t e m ­
p e ra tu re s  as i l lu s t ra te d  b y  J e n n y ,11 th u s  o b ta in in g  th e  
first a s su m p t io n  of t e m p e r a tu re s  of th e  feed t r a y  an d  
the  t r a y  above.
As before, r e a r r a n g in g  th e  o p e ra t in g  lines and  
noting the vapor  composition of the light components 
in the fractionating  section and  the liquid  composition 
of th e  h ea v y  c o m p o n e n ts  in th e  s t r ip p in g  sec tion  
a p p ro ach  a  c o n s ta n t  va lue  th e n  fo r  the  l ig h t  co m ­
p o n en ts .
  d
U  (23)
1 _  V n K f + 1
a n d  fo r  th e  h e a v y  c o m p o n e n ts




vr+F =  m ols o f vapor from  feed  tray p lus m ols o f vapor from  
feed  for a ligh t com p on en t 
lr =  m ols of h eavy  com p on en t in liquid on feed  tray.
T h e  co m p o s i t io n  of th e  l ig h t  an d  h ea v y  c o m p o n e n ts  
on t r a y s  f an d  f —|— 1 m ay  be ca lcu la ted  fro m  eq u a t io n s  
(23) an d  (24) an d  a m a te r ia l  ba lan ce  a r o u n d  th e  feed 
po in t.  T h e  co m p o s i t io n  of th e  k ey s  is o b ta in ed  by 
s im u lta t io n .
2) D e te rm in a t io n  of o p e ra t in g  lines
T h e  p o in t  (yf, x f+1) no  lo n g e r  lo ca te s  a p o in t  on  th e  
o p e ra t in g  line for th e  f r a c t io n a t in g  sec tion  b ecau se  
th is  is n o t  an  eq u i l ib r iu m  s tep  d irec t ly  f ro m  th e  feed 
t ray .  T h e re fo re ,  ca lcu la t io n s  of th e  co m p o s i t io n  of th e  
k ey s  m u s t  be ca rr ied  to  t r a y  f-J-2 such  th a t  (y f+1, 
x f+2) loca te s  th e  p seu d o  o p e r a t in g  line fo r th e  f r a c ­
t io n a t in g  section.
A s  an a l te rn a te ,  th e  lo w es t  p o in t  on th e  o p e ra t in g  
l ine for th e  f ra c t io n a t in g  sec tion  m a y  be tak en  as 
( y ' f, x f+1)
W h e r e  y ' f —  m ole  f rac t io n  of th e  l ig h t  key  c o m ­
p o n en t ,  on a tw o  c o m p o n e n t  bas is ,  in 
th e  V a p o r  p h ase  ab o v e  th e  feed p o in t  
a n d  e n te r in g  th e  t r a y  ab o v e  th e  feed.
Determination o f  O p t im u m  Feed T ra y  f o r  Case 11:
T h e  o p t im u m  feed  t r a y  w ill  lie b e tw e e n  th a t  for an 
all l iqu id  feed (feed  t r a y  s t ra d d le s  in te r se c t io n  of
o p e ra t in g  l ines) an d  an  all v a p o r  feed  ( t r a y  f — 1 
s t ra d d le s  in te r se c t io n  of o p e r a t in g  l in e s ) .
D eterm ination o f  O p t im u m  F eed  T ray  T em pera ture  for 
Case I I :
T h e  o p t im u m  feed t r a y  t e m p e r a tu r e  is calculated 
as fo r  C ase I.
E X A M P L E  I I I
Case I. A ssum e vapor o f feed in equilibrium with 












E q u i l ib r iu m  F la sh  on  F e e d :  220° F. 100 psia.
t t  /1 0 0  psia. \  
( 220° F. ) M ols Vapor M ols Liquid
C 3............................................................... 4.5 0.6 0.4
C4...................................................... 1.96 15.8 24.2
C 5 ............................................................... .93 5.4 17.6
C a ............................................................... .45 2.1 13.9
C 7 ............................................................... .21 0.8 11.2
C s ............................................................... .105 0.3 7.7
25.0 75.0
Tower operates a t  100 psia. 
D ew point of Overhead















Boiling point of hottom s
Mols K278° MK
C4...................................... 0.6 3.1 1.9
C s ............................................................... 22.6 1.60 36.2
C , ............................................................... 16.0 0.86 13.8c7...................................... 12.0 0.45 5.4
C s ............................................................... 8.0 0.25 2.0
59.2 59.3
Reflux R atio  =  3 mols reflux per mole overhead
U  - 122.4 
V„ =  163.2 
L ra =  197.4 
V m =  138.2
=  0.75w .
T em p. =  199° F. w hen K c« =  0.75 
A p p ro x im a te  fraction atin g  p inch temperature
=  1.333
=  1.428 T em p eratu re  =  182° F. when 
K e 4 =  1.428 
A p p rox im ate  str ip p in g  p inch  temperature.
Calculation o f  f e e d  tray com posit ion :
T h e  feed  t r a y  t e m p e r a tu r e  is, in g en e ra l ,  larger 
th a n  th e  s t r ip p in g  p in ch  t e m p e r a tu r e ,  m odified of 
cou rse ,  by  th e  q u a n t i ty  of l ig h t  c o m p o n e n ts  present. 
S ince  th e  q u a n t i t y  of l ig h t  c o m p o n e n ts  fo r  th is  case 
m u s t  be  sm all,  a feed  t r a y  t e m p e r a tu r e  of 200° F. was 
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X , +  X 5 =  1 —  .2208 
1.689 X , - f  0.76 X 5 =  1 —  .05998
B y  s im u lta tio n  
X* =  0.376 
X s - -  0.403
Y< =  0.634 
Y s =  0.306
S um m arizing; fo r feed tra v
X, Yf
Cs ...................................................................... .00189 .00754
C 4 .............................................................  ....................................... .376 .634
Cs ........................................................................................................... .403 .306c.. ........................... ....................................... .1076 .0382C 7 .0695 .0109
C s .........  ....................  ...................................................................... .0428 .00334
C alcu la tio n  of c o m p o s itio n  on tra y  f — 1.333
1.333 I f —0.333Xd =  X i., K.go KXr.i KXAd,.
C s ........... .0101 .0081 .0020 3.42 .0069
C-t. . .  - ......... .844 .322 .522 1.41 .7350 .735
C s .................. .4075 .003 .404 .60 .2420 .242
C s ................. .0510 .000 .0510 .27 .0138
C r ........... .. .0145 .000 .0145 .12 .0017
C s ........... .. .0044 .000 .0044 .055 .0002
.9996
C alcu la tio n  o f k ev s  on tra v  f — I 1.428
1.42 s X( — 0.428Xw =  Yr-i
C s ................................................................................................. .0043 .531
C s .................................................................................................... ,574 .163 .411
.942
O n  a tw o -c o m p o n e n t bas is : 
K,3a — ----—
K ,(
xi, =  .99
xw =  .0258 ...................... 1.94
x t =  0 .976 ......................2.63
xr =  0 .483 ......................2.22
xr*i =  0 .563 ......................2.35
yr-i =  .5645 
Zi’ =  0.635
F ig u re  3 re p re se n ts  th e  p lo t of “ vs x 
F ro m  F ig u re  3 an d  y  =  1 +  1)x
2 .7
2.6










STR IPPIN G  SECTION
a X y at X y
1.95 .05 .0934 2.30 0.50 .697
1.98 .10 .1805 2.38 0.60 .782
2.04 .20 .339 2.44 0.70 .850
2.10 .30 .474 2.51 0.80 .910
2.17 .40 .591 2.58 0.90 .959
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Figure 4— Determination of Trays for Example III.
T h e  eq u ilib riu m  cu rv es  a re  d raw n  on F ig u re  4 an d  
the  o p e ra tin g  lines p lo tted  from  x D an d  (x f+1, y E) an d  
x w an d  ( y r-,, x r).
4 he tra y s  are  s tepped  oft as on th e  co n v en tio n a l 
M cC ab e -T h ie le1 d iag ram .
O ptim um  Feed T ray:
Step that passes over intersection of the operating 
lines =  8th tray  above reboiler.
O ptim um  Feed T ray T em pera ture:
F rom  calculation of feed tray  com position
14
S X keys =  0.779 
2 Y keyB =  0.940
F ro m  F ig u re  4 :
y f ■— 0.75 
xr 1=  0.57
K c < =  (0 .75) (0 .940) — j 5 9  at o p tim um  f ee(j tray  
(0 .57) (0.779)
T em p eratu re c= 195° F.
F rom  tray c a lc u la t io n ^  195° F.
I t  m ay be no ted  th a t the feed tra y  com position w as 
no t calculated  a t  the  optim um  tem peratu re, bu t th is had 
no effect on the final results.
E X A M P L E  I V
Case I I .  T h e  vap o r portion  of the feed is considered 
no t in equilibrium  w ith  the feed tra y  liquid.
T h e  follow ing data  w ere taken  from  Jen n y ’s11 artic le :
Feed O verhead Bottoms
C l ................................................................................. 26 26.0
C a ................................................................................ 9 9.0
C s ................................................................................ 25 24.6 0.4
n - C i................................................................................ 17 0.3 167
n -C e ................................................................................ 11 11.0
n -C e................................................................................ 12 12.0
100 59.9 40.1

























C s ..................... ...........................................................
C s .................................................................................
C a ................................................................................
Reflux R atio  =  1.5
Reboiler Tem perature =  300° F.
K a
C s ............................................................................................................ 2.7 1.86
1.45
D ew point of Overhead =  63° F.
Yd K a X t
C s .............................................. : . . .411 0.51 3.18 0.810
.005 0.16 0.032
0.842
Feed T ray  T em perature =  205° F.
Xr K a Yr
C s ..................................................... .351 1.55 1.938 0.544
.404 0.80 0.323
0.867





Tray f— 1 T ra y f+ 2
Yf-i Xr+2
c 3 0 512 C s ........................ 0.556
c * ......................... 0,397 n-G *........................ 0.357
0.909 0.913
On a Two-Com ponent Basis:
cc




ssf — 0 595 .......................................................
F ig u re  5 is a  p lo t  of « vs. x . A  sm o o th  curve is 
d ra w n  th ro u g h  («w, x w), (a t, X f) , a n d  ( a t, x t ) fo r the 
s tr ip p in g  sec tio n  e q u ilib r iu m  c u rv e  a n d  th ro u g h  («w, 
x w), ( “ f+i, x £+1), a n d  (« t, x t ) fo r th e  f ra c t io n a tin g  sec­
tio n  eq u ilib riu m  cu rv e .
< 2





Figure 5— Relative Volatili ty  for Example IV.
F ro m  F ig u re  5 :
FOR S T R IP P IN G  SECTIO N FRACTIONATING SECTION
a X y a X y
1.87 0.1 0.174 2.1 0.5 0.677
1.90 0.2 0.322 2.25 0.6 0.771
1.91 0.3 0.450 2.40 0.7 0.849
1.92 0.4 0.561 2.64 0 8 0.914
1.98 0.5 0.665 2.95 0.9 0.965
2.1 0.6 0.775 3.13 0.95 0.985
T h e  g ra p h ic a l so lu tio n  fo r th e  t r a y  req u irem en ts  is 
sh o w n  in F ig u re  6.
O ptim um  F eed  T ra y:
S in ce  th e  feed  w as  o v e r  50 p e rc e n t v ap o rized , the 
c o n c e n tra tio n  of x f+1, fell s l ig h tly  b e lo w  th e  in ter­
sec tio n  of th e  o p e ra t in g  lin es  (d isc u sse d  p rev iously ), 
a n d  th e  p o in t  ( y t, x f+1) fell b e tw e e n  th e  tw o  operating  
lin es  du e  to  th e  ty p e  o f feed  t r a y  ac tio n  assu m ed .
F eed  T ra y  T em p e ra tu re :
T h e  feed  t r a y  te m p e ra tu re  is 205° F . since  xt on 
th e  g ra p h  c o r re sp o n d s  to  th e  v a lu e  d e te rm in e d  from 
th e  feed  t r a y  co m p o s itio n  c a lc u la te d  u s in g  205° F. as 
th e  a s su m e d  te m p e ra tu re .
E X A M P L E  V
D eterm ina tion  o f  fe e d  tray com position  fo r  the case of a 
sp lit k e y .
T h e  v a p o r  o f th e  feed  is c o n s id e re d  in  equilibrium  














Figure 6— Determination of  Trays for Example IV.
D e p ro p a n iz e r  ex am p le  of J e n n y ’s11 w ith  sp lit key.
Material Balance:
Feed O verhead Bottoms
C l ................................................................................ 3 3.0
C 2 ................................................................................ 7 7.0
C s ................................................................................ 15 14.7 0.3
n-C *................. .............................................................. 33 8.2 24.8
30 0.03 30.0
n-C d..................... .......................................................... 12 12.0
32.9 67.1
R eflu x  R atio  — 1.75 
L ” — 0.635 V„
V o
- ^ - = 2 .1 3
=  1.575
L*
V n -  90.4 
V m =  59.4 
T o w er  pressure =  200 psia.
F ro m  J e n n y ’s11 ca lcu la tio n s .
Rehoiler Tem perature — 265“ F.
Mpn K2C6 M R
C 3 ................................................................................ 0 .3 3.15 1.0
24.8 1.52 37.6
30.0 0.80 24.0
n-Co................................................................................ 12.0 0.45 5.4
67.1 68.0
Overhead: T em perature =  120“ F.
M PH Kizo M /K X,
C * .................................................... 14.7 1.13 13.0 .388
n-C4 ..................................................... 8.2 0.46 17.8 .531
n-C e..................................................... 0.03 0.16 0.2 .006
N o w  if a h eav y  k ey  is se lec ted  
h K =  C «+ CB
in  o rd e r  to  ca lcu la te  th e  feed  tra y  co m p o sitio n , a  p lo t 
o f K mc vs. K c4 w ill be a  s tra ig h t  line as sh o w n  in 








Figure 7— Definition of  Equilibrium Constant— Example V.
T h e  p o in ts  fo r th e  p lo t a re  o b ta in ed  as fo llo w s :
T op: Kc< =  0.46
B ottom : Kc* =  1.52
K h _  8.23 _






Calculation o f  Feed T ray C om position:
A ssum e F eed  T ra y  te m p e ra tu re s  t=  200° F. an d  
ca lcu la te  th e  co m p o sitio n  of th e  lig h t an d  h eav y  com ­
p o n en ts  as in  E x am p le  I I I .
K200 Xt Yt
C i ............................................................................... 22 .00156 .0343
C 2 ............................................................................... 5.3 .01661 .0880
C s ............................................................................... 2.08 *.1291 *.269
n-C-i............................................................................... .98 *.476 *.466
n -C s ............................................................................... .44 ♦.2707 *.1191
n-Cfi............................................................................... .22 .1060 .0233
* C alculation o f concentration  of Cs, n-C 4 and n-Cs.
From  F igure 7: KhK =  0.785 w hen Kc* =  .98 
X 3+  X h K =  1 —  ( .0 0 1 5 6 +  .01661 +  .1060) =  .8758 
2 .O8 X 3 +  0 .785X hK =  1 —  (.0343 +  .0880 +  .0233) =  .8544 
B y sim ultation:
X , =  .1291
XhK =  .7467
X* +  X s =  .7467 
.98X* +  ,44X b =  .5854
B y sim ultation:
X B =  .2707 
X 4 - .476
Y 3 =  .269 
YhK — .5854
Y b =  .1191 
Y« =  .466
T h e  tra y  re q u irem en ts  a re  th en  d e te rm in e d  as in 
E x am p les  IV  an d  V.
T h e  in itia l d is tr ib u tio n  of the  in te rm e d ia te  key  
m ay  be checked  by u s in g  it as one of th e  k ey s on th e  
sam e ty p e  d iag ram .
D iscu ssion  and C onclusions
T h e  m eth o d  p re sen ted  o ffers a so lu tio n  to  the  n u m ­
b e r of tra y s  a t  any  reflux  ra tio , o p tim u m  feed  tra y  
an d  o p tim u m  feed tra y  te m p e ra tu re  w ith  few er ca l­
cu la tio n s  th a n  a re  req u ired  by o th e r  m e th o d s  of equal 
accu racy .
T h e  g re a te s t  in accu racy  in th e  m e th o d  lies in th e  
d e te rm in a tio n  of th e  eq u ilib riu m  curve. H o w ev er, 
even w ith  v ery  la rg e  v a r ia tio n s  of the  re la tiv e  v o la ­
ti li ty  of th e  key  co m p o n en ts , th e  eq u ilib riu m  cu rv e  is 
defined w ith  su ffic ien t a ccu racy  to  g ive  th e  tra y  
re q u ire m e n ts  w ith  a m ax im u m  e rro r  of a b o u t five
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p e rc e n t. If th e  v a r ia tio n  of th e  re la tiv e  v o la ti li ty  of 
th e  k ey  co m p o n en ts  is ex tre m e ly  la rg e  o r e rra tic , a 
few  ca lc u la tio n s  a t th e  b o tto m  of th e  to w er, to p  of th e  
to w er, an d  a ro u n d  he feed  p o in t w ill serve  to  define 
th e  eq u ilib riu m  cu rv e  w ith  su ffic ien t accu racy . H o w ­
ever, in  g en e ra l, th is  is u n n ec essa ry .
T h e  p re s e n t m e th o d  m ay  be ap p lied  w ith  eq u a l 
a ccu racy  to  sy s te m s  w ith  a co m p o n en t w h ich  h a s  a 
v o la ti li ty  in te rm e d ia te  b e tw e en  th a t  of th e  keys. T h e  
in itia l d is tr ib u tio n  of th e  in te rm e d ia te  co m p o n en t 
m ay  be checked  by th e  g ra p h ic a l m e th o d  if th e  in te r ­
m ed ia te  co m p o n en t is se lec ted  as  a  key . H o w e v e r, 
d is tr ib u tio n  b y  th e  m e th o d  of to ta l  re flux  as o u tlin e d  
by  C are y 13 is u su a lly  su ffic ien tly  accu ra te .
A  n u m b e r of exam ples, se lec ted  from  th e  l i te ra tu re ,  
a re  p re se n te d  in T a b le  3. A w ide v a r ie ty  of co n d itio n s  
a re  r e p r e s e n te d :
1) U p  to  70 p e rcen t l ig h t co m p o n en ts .
2) U p  to  70 p e rc e n t h eav y  co m p o n en ts .
3) A s m an y  as 13 co m p o n en ts .
4) S p lit keys.
5) C o n d itio n s  of feed  from  all liq u id  to  all v ap o r.
6) R e la tiv e  v o la tili ty  of th e  k ey s  from  1.26 to  7.
7) T w o -fo ld  v a r ia tio n  of th e  re la tiv e  v o la tili ty  of 
th e  k ey  co m p o n en ts  from  re b o ile r  to  o v erh ead .
C ase 8 in T a b le  3, w h ich  in v o lv ed  a sp lit  k ey  w ith  
a la rg e  q u a n ti ty  of th e  in te rm e d ia te  co m p o n en t, sm all 
a m o u n ts  of th e  key  co m p o n en ts , la rg e  v a r ia tio n  of 
th e  re la tiv e  v o la tili ty  of th e  k ey  co m p o n en ts , an d  13 
co m p o n en ts , d e m o n s tra te s  th e  b ro a d  ap p lica tio n  of 
th e  m eth o d .
T h e  m e th o d  is esp ecia lly  ad v a n ta g e o u s  fo r th o se  
cases in w h ich  th e  feed  t ra y  c o n c e n tra tio n  an d  te m ­
p e ra tu re  a re  n ec essa ry  fo r a h e a t b a lan ce  a ro u n d  th e  
feed p o in t.
F o r  m an y  sy s te m s  th e  eq u ilib riu m  cu rv e  does n o t 
ch a n g e  ap p rec iab ly  w ith  a m o d e ra te  ch an g e  in  reflux 
ra tio . T h u s , in d esig n  w o rk , one eq u ilib riu m  cu rv e  
m ay  suffice  fo r sev e ra l re flux  ra tio s — th e  p seu d o  
reflux  ra tio  b e in g  d e te rm in e d  b y  n o tin g  th a t  o v e r a 
lim ited  ra n g e  th e  ra tio  of th e  p seu d o  reflux  ra tio  to  
th e  a c tu a l re flux  ra tio  is c o n s ta n t.
TABLE 3
C om parison o f Tray C alculations fo r P a rt III
PROBLEM Reference M ethod Strip.
Trays
Fract. Total
1. D ebu tan izer......................... (16) A uthor 8 5.4 13.4
Calc. 8 5.6 13.6
2. Case B ................................... (15) A uthor 10.2 8.8 19.0
Calc. 10.7 8.8 19.5
3. Case C ................... ............... (15) Author 9.5 10.2 19.7
Calc. 9.3 10.1 19.4
4. Case E ................................... (15) A uthor 6.0 10.3 16.9
Calc. 6.8 9.9 16.7
5. Case F ................................. (15) Author 7.2 9.2 16.4
Calc. 7,2 9.2 16.46. Case G ................................... (15) Author 7.8 7.2 15.0
Calc. 7.3 7.0 14.3
7. Phenol, O-cresol, e tc ......... (14) Author 13.5 13.0 26.5
Calc. 13 13 26.i)8. D epropanizer, S tab ilizer.. (13) A uthor 7.1 6.0 13.1
Calc. 7 to  8 12 to 14
9. D epropanizer....................... (11) Author 8.8 5.8 14.6
Jenny 8.8 5.7 14.5
10. D epropanizer Split K ey . . (11) Author 10.0 0.1 16.1
Jenny 10.2 5.5 15.7
N O M E N C L A T U R E
a  =  R ela tive  v o la tility  w ith  resp ect to heavy 
key
d = : M ols o f com p on en t in overhead  
D  =  T ota l m o ls  overh ead  
f  =  F u nction
K =  E qu ilib rium  co n sta n t =  Y /X  
1 =  M ols o f co m p o n en t in liquid  phase  
L =  M ols o f  liquid d ow n flow  in colum n  
m  =  P seu d o  ratio o f liquid  to  vapor  
M — M ols o f com p on en t 
N  =  N u m b er o f th eoretica l trays  
R  =  R eflux  ratio, m o ls  reflux per m ole of over­
head
R' =  P seu d o  reflux ratio, m o ls  reflux per mole 
of k eys overh ead  
v  =  M ols of com p on en t in vapor phase
V  =  M ols o f vapor upflow  in tow er  
w  =  M ols o f com p on en t in b o tto m s
W  =  T ota l m ols of b o tto m s  
x =  M ol fraction o f ligh t key in liquid on two- 
com p on en t basis.
X  =  M ol F raction  o f com ponent in liquid 
phase
y  =  M ol fraction  of lig h t k ey  in vapor on two- 
com p on en t basis.
Y  =  M ol fraction  o f com p on en t in vapor phase 
z =  M ol fraction  o f  ligh t k ey  in vapor plus
liquid on tw o -co m p o n en t basis 
Z =  T otal m ol fraction  o f com ponent (liquid 
-f- vap or)
Subscrip ts:
d =  O verhead  
f =  F eed  tray  
F =  feed
h =  h eavy  com p on ent ,  heavier  than heavy key  
hK =  h eavy  key
i =  intersection  o f  op eratin g  lines  
1 =  light co m p on en t ,  lighter  than light key  
Ik =  light key  
L =  liquid 
m  =  str ipping section  
M =  m in im um  
n =  fractionating section  
t =  top tray  
v =  vapor  
w — b ottom s
S u perscrip ts:
' =  pseud o
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MINIMUM REFLUX RATIO—  
THE COLBURN CORRELATION CHAPTKR I I
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S im p lif ie d  ^ lY iu lli-C ^ om ponent 
t.fra c tio n a tio n  C^a leu  le t tiond
DISTILLATION equipm ent represents a considerable segm ent of the  
total process plant investm ent, and the resolution of distillation process 
problems dem ands a large share of the energies of design and operating 
engineers. Distillation calculations for the lighter hydrocarbons involve 
complex algebraic type solutions, and it is common practice for process 
engineers to  spend hours or even days in the determ ination of conditions 
about a single fractionating tower. This is especially noticeable when 
rigorous " tray-to-tray "  type calculations are made. To speed up design 
and process control work various short-cut methods have been developed. 
Considerable progress has been made in this direction and this present 
article should prove a useful addition to this work.
The authors are both connected with the College of Engineering, Lou­
isiana S ta te  University, Baton Rouge, Bailey as a graduate student and 
Coates as professor of chemical engineering.
NOMENCLATURE
n =  relative volatilit\ with respect to the heavy key component 
c =  correction factor
d =  mols of a given component appearing in ihe overhead 
F =  total mols of feed 
K =  equil ibrium constant
1 =  mols of a given component in liquid pha=e 
L =  total mols of liquid downflow
^ =  relative volatility with respect to the light key component
=  a /a  ik
C  =  empirical factor
q =  total heat needed to convert one mole of feed into saturated vapor 
divided bv the molat latent heat —  approximately mol percent 
of liquid in the feed 
r =  ratio of mols of light key to heavy key component at pinch 
R =  reflux ratio, mols of liquid flowing in fractionating section per 
mole of overhead product 
v =  mols of a given component in the vapor phase 
Y =  total mols of vapor upflow
w =  total mols of a given component appearing in the bottoms
Subscrip ts
h “  heavier than the heavy key component  
hie =  heavy key component  
1 =  lighter than the light key component  
I k  =  light key com ponent  
m =  stripping pinch  
M - = m inim um  
n =  fractionating pinch
RAYMOND V. BAILEY 
and
JESSE COATES
UtIVTIL recently the p r o b l e m  of 
calculating the minimum reflux ratio 
has been time consuming and labori­
ous. S e v e r a l  methods1- 2' * • r' .6 have 
been proposed to simplify these cal­
culations. Among these, the method of 
Colburn2 is very accurate, but requires 
considerable time in application. The 
method of Underwood5, 0 is rigorous 
for cases of constant relative volatili­
ties and constant molal overflow. How­
ever, for many cases in which the rela­
tive volatility varies appreciably, the 
approximation of the temperature at 
which to evaluate the terms in Under­
wood's equations may lead to 10 to 
20% error in the final results.
The modified S c h e i b e  1 - Montross4 
method as presented by Bailev and 
Coates.1 in general, appears to be as 
satisfactory as the Colburn correla­
tion. so far as accuracy is concerned. 
However, it should be noted that the 
degree of separation of the key com­
ponents should have some effect on 
the correction terms in the Bailev- 
Coates method. Insufficient allowance 
for this was made. For poor separa­
tions of the key c o m p o n e n t s ,  t he  
method gives an approximate answer, 
even though a good one for most cases. 
This method calls for the determina­
tion of a minimum reflux ratio for the 
separation of the key components.
On the other hand, the Colburn 
method is based directly on conditions
7
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Figure 1— Determination of Minimum Reflux— Example I.
as they exist in m ulticom ponent sys­
tems and it is unnecessary to place 
the system on a two-component basis. 
As a consequence, the Colburn method 
appears to be on a sounder basis. In 
addition, the use of the Colburn cor­
relation is particu larly  advantageous 
for cases in which the assumption of 
constant m olal overflow is not permiss- 
able. The direct evaluation of pinch 
compositions can be used for heal 
balances and partia l compensation of 
non-constant m olal overflow can be 
made. Therefore, a method of solving 
the Colburn relations at a saving of 
time over the usual method is desir­
able.
The method presented in this paper 
is a modified solution of the equations 
involved in the Colburn correlation 
which perm its these relations to be 
satisfied with a considerable saving 
of time over that usually required. 
The time requirem ent for calculation 
compares favorably in all cases with 
the modified Scheibel-Montross method 
as presented by Bailey and Coates and 
in m any cases the time requirem ent is 
reduced considerably, especially when 
the minimum reflux ratio is desired 
for several feed conditions for a given 
separation.
The Colburn criterium  for minimum 
reflux ratio is divided into two parts,
ratj/n and which, fo r a given sepa-y/m
ration, can be evaluated on the basis 
of the liquid flow in the fractioning 
and stripping p in c h e s ,  respectively.
Once rn^ n and ~ ~  are evaluated for 
one reflux ratio, rntpn and can be
readily approxim ated at another re­
flux ratio by the methods presented in 
this paper.
In many cases a plot of minimum 
reflux ratio versus feed conditions is 
desirable. Methods for m aking these 
plots from  th r e e  e a s i ly  determined 
points in each pinch are described in 
this paper.
Development o f Equations:
If the equation of the operating line 
for the fractionating section is written 
in the form
it may be noted that in the pinch
1 n + l    1 n
and equation (1) may be written
VuK n (2)
L» ~  1
Equation (2) may be employed to 
calculate the mols of the individual 
com ponents at the fractionating pinch.
V  KSince the value of —j— - is very close
to one for the heavy key component, 
the heavy key com ponent is generally 
obtained by difference r a th e r  than 
from equation (2 ) .
S im ilarly , the mols of the individual 
components in the stripping section 
pinch may be obtained from the fol­
lowing equation:
1 _  V m K m ( 3 )
Lm
with the mols of the light key com­
ponent being obtained by difference.
By n o t in g  t h a t  the fractionating 
pinch occurs when the heavy key com­
ponent reaches its maximum concen­
tration in that section, equation (1)
may be arranged  to give
j r  ___ /  d h k  \  L n
' +  K r j  v 7  <4>
and for sharp  separations, since
Khkn — ( A p p r o x )  (5)
This relation may be employed for 
approxim ating the tem perature of the 
fractionating pinch.
In a sim ilar m anner, by the appli­
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Figure 2— Example II. Liquid Flow— Pinch Ratio Relation.
2 .2
2.0
0 20 40 60 80 100
L n
Figure 3— Minimum Reflux Ratio Versus Liquid in Feed— Example II.
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component in the stripping pinch
L„, (6)
and
( A p p r o x ; (7)
Thus, a means is provided for ap­
proximating the pinch temperatures. 
The approximation may be corrected 
later, if necessary, by using equations 
(4) and (6).
In many cases, it is more conven­
ient to use relative volatilities than 
equilibrium constants. By the substi­





Ki,k„ (  1 +  - ^ ) — i\  i i.kn /





1„ a — 1
0
( A p p r o x ) (9)
By similar treatment for the strip­
ping pinch
w











Pinch Ratio Relation.Figure 4— Example III. Liquid Flow—
1 in = 1 — 4> ( A p p r o x ) (11)
Colburn presented the following cor­
relation for minimum reflux:
* (12)
and if the factors, cm and cn, which 
were called for in Colburn’s original 
method, are taken to be one 
, _  1
L,i /V " L.„
1 — (13 )
The assumption of cm and Cn equal 
to one lias no appreciable effect on the 
results.
If i p  is broken down into two parts










where - and rnt//n, for a given sepa­
ration may be evaluated on the basis 
of the liquid flow in the stripping and
2 0
fractionating pinches respectively.
T h e  expression in  equation
(16) may be rearranged as follows, 
in order to elim inate the necessity of 
m ultip ly ing the m ols of each heavy 
component by its respective relative 
volatility.
K h k ,
but
ZK.ml bm= ( + +  p i,,,, 
Therefore
'1 'V




D uring the calculation of the mols 
of the heavy key component in the
stripp ing  pinch the term will
be obtained as a natural result of the 
calculations.
Sum m arizing:
I l k , ! L „
r + n  —  ,
l H k , , L „  —  2 1 , „  ( 1 9 )
- I n m  —  2 w i >
Lm — (  V K h ^
rm _ ] l k n L \  L  / J
’A m  R k r a L -
(20 )
A pplication  and Discussion of 
E quations:
The application of the equations 
will be illustrated  for two cases: 1) 
A m inimum reflux ratio is desired for 
a given separation and a single feed 
condition; and 2) a series of m ini­
mum reflux ratios is desired for a 
given separation and various feed con­
ditions.
Case I. M in im u m  R eflu x  R atio  for  
A G iven S ep aration  and  a S in g le  
F eed  C on d ition —
An outline of the steps in the solu­
tion for this case follows:
1) Assume a reflux ratio  and de­
termine the approxim ate tem peratures 
of the pinches using equations (5) 
and (7 ). If the tem perature of the 
stripping pinch is lower than that of 
the fractionating pinch a lower reflux 
ratio should be selected, since the 
stripp ing  pinch tem perature must a l­
ways be greater than that of the frac­
tionating pinch for m ulticom ponent 
systems.
2) By means of equations (2) and 
(3) or (9) and (1 1 ), whichever is 
more convenient, determ ine the ap ­
proxim ate mols of the components in 
the pinches.
3) Correct the mols of the com­
ponents in the pinches for the degree 
of separation of the key components. 
If the separation is relatively sharp 
or the relative volatilities are not 
changing appreciably with tem pera­
ture at these points equations (8) and 
(10) may be used directly. However, 
if the separation is not sharp, the 
relative volatilities may vary between 
the approxim ate tem perature and the 
true tem perature of the pinch. In this 
case equations (4) and (6) are used 
to re-evaluate the tem peratures, and 
equations (2) and (3) used to re­
calculate the pinch compositions.
4) By equations (19) and (20) 
evaluate r„^n and at the respective 
pinches
5) For any other reflux ratio, by 
assuming that only the mols of the 
light key component in the stripping 
pinch and the mols of the heavy key 
component in the fractionating pinch 
change with reflux ratio, approxim ate
values of rn̂ n and-^- are obtained by
equations (19) and (20 ).
6) From  a plot of reflux ratio ver­
sus Tn\f/n and determ ine the ap­
proxim ate m inim um  reflux from the 
intersection of the lines where
Tn̂ n =  ~7~' y'm
For relatively sharp separations, if 
the original reflux ratio , which was 
assumed, is within 50 percent of that 
determ ined in step (6 ) . the reflux so 
determined will be within approxi­
m ately two percent of the true mini­
mum reflux ratio . However, in general, 
this intersection is not at the proper
value of r n̂ n or
lAm
hut the two are
displaced in the same direction such 
that a very rapid  convergence to the 
true m inim um  reflux ratio may be ob­
tained.
7) Using the reflux ratio obtained 
from  step (6) evaluate rnif/n and -y 1-
ym
precisely and obtain the true mini­
mum reflux ratio  as in step (6 ). Linear 
extrapolation is perm issable since the 
reflux ratio from  step (6) is close to 
the minimum.
Case II. A Series o f  M in im um  R eflu x  R atios V ersu s F eed  C ondition  
F or a G iven S ep aration —
Assume three liquid flows in each 
pinch. These liquid flows, at this point, 
are not related by any m aterial b a l­
ance and there are no form al rules for 
their selection. The best procedure is 
to alternate between the two pinches
and p lo t rn^n and versus l i q u id
flow as the calculations are made. By 
following this procedure the liquid 
flows in the respective pinches can be 
selected such that the curves overlap in 
the region of the feed condition range 
under consideration, thus, elim inating 
inaccurate extrapolation or calculation 
of extra points.
For poor separations, it is conven­
ient to assume both the liquid flow in 
the pinch and the mols of the heavy 
key component for the fractionating 
pinch or the mols of the light key 
component for the stripping pinch in 
order to obtain faster convergence of 
the calculation and fewer adjustm ents.
Determine rnJ/n a n d ^ -  f o r  e a c h
y '.n
liquid flow in the respective pinches. 
It may be noted a t this point, that it 
is, in general, more convenient to use 
equations (4) and (6) to correct the 
liquid flow in the pinches rather than 
to correct the tem peratures.
P lot the liquid flow versus r n̂ n or
r,„ for each pinch. From this plot 
select values of Ln and Lm at the 
point where r n̂ n =  The value of 
Ln and Lm selected will correspond to 
a m inim um  reflux ratio  for a feed con­
dition of Lm —  Ln =  qF.
Three sam ple calculations are given 
to illustra te  the application of the 
m ethod to various types of systems.
Illu strative  E x a m p le  I
Case I:  M inim um  R e flu x  Ratio for 









e .) ........................ 40.0 39.4 0.G
c 5 ............. 23.0 0.4 22.6
C.i............. 16.0 16.0
C 7 ........................ 12.0 12.0
C8 ........................ 8.0 8.0
40.S 59.2
P ressu re  = 1 0 0  psia.
E quilibrium  co n sta n ts  from  S ch eib el’s1 
nom ograph .
A ssu m e R m  =  2.0
T hen  L n =  81.6
L,„ =  81.6 +  75 =  156.6
L \  — 7  /  L(xr)r -667 (-H 1.61
F ractionating P in ch —
I K190 ( D I t
101
Konr. ( D , 1-
C s .................................... 4 4 .23 3.62 4.42 .23
C*.................................... 1.26 31.2 1.52 1.265 31.1
C s.................................... *50,2 .671 *50.3
' Bv Difference.
C, Kcorr =  ̂  1 +  4 ^  ^(.6b7) =  .671 
S tripping P in ch —
r  ii- 31 1 I 8 1 6  — 6?1
50.3 I 81.6 — ,2





























* B y  d i f f e r e n c e .
G. K corr 1 — (1. 61 1 =  1.60
7-1.1
40.8




Front the above calculations it is 
seen that R m\^  --0
If Rm =  1.5 L„ — 61.2 Lm =  136.2 
31.1 61.2
61.2 — 31.3 61.2 — .2
-=  1.042
5.71136.2—  i r  
136.2 —  40.8 —  41.7 | .715
40.8 136.2
1.24
ratio in Figure 1, it is seen that the 
two intersect at R« =  1.39.
Assuming RM =  1.39 and repeating 
the above calculations 
r n̂ „ =  1.042
1.06
’Am
If these points are plotted on Fig. 
1, the intersection of rn\J/n and gives 
Rm —  1.38.
It may be noted that this is the 
same value of minimum reflux ratio 
that was obtained by the original 
Colburn method using the correction 
factors in the f  term.
This example illustrates the tech­
nique recommended for the determi­
nation of a minimum reHux ratio for 







Figure 5— Example 





Illustrative E xam p le II








A 25 4 25
B 25 2 25 trace





A plot of minimum reflux ratio 
versus percent liquid in feed is de­
sired.
It may be noted that, for this sharp 
separation and constant relative vola­
tility, the mols of A and B in the 
fractionating pinch and the mols of 
C and D in the stripping pinch are 
independent of reflux ratio if appreci­
able quantities of C and B are present 
in the respective pinches. The relative 
volatility need be constant only over 
the range of tem perature covered by 
the pinches.
F ractionating  P in cli—
QC a-1 lu
A ............................. 4 3 8.33
B ............................. 2 1 25
33.33
Ln =  60 rn̂ »
Ln =  80 rn̂ „
Ln =  100 r„^n
_  60 25
60 — 8.33 60 — 33.33
=  1.09
_  80 25
80 — 8.33 80 — 33.33
=  .595
_  100 25
100 — 8.33 100 — 33.33 
=  .41.
Strip p in g  P in ch —
<5 1 - 4 lm PC 1 m
c ......... .5 .5 50
D .............. .25 .75 33.3 16.65
83.3
----  1Ln, =  120 120 — 83.3 120— 16.65 
50 120
=  .592
L _  135r,„ _  135 — 83.3 1 135 — 16.65 
i'm 50 | 135
=  .905




From these data, Ln, rn̂ M, Lm and ~p- 
the plot in Figure 2 was obtained. 
From Figure 2 at p o in ts  w h e re




D Lm Lm — L n— %  Liq. in Feed
60 1.2 144.5 84.5
70 1.4 128.5 58.5
80 1.6 120.0 40.0
90 1.8 115.0 25.0
100 2.0 112.0 12.0
110 2.2 110.0 0.0
From  these data, the plot, F igure 3, 
of Rm versus percent liquid in the feed 
was obtained.
This exam ple illustrates the extreme 
sim plicity of obtaining a plot of m ini­
mum reflux ratio  versus feed condi­
tion for a sharp separation of the key 
components if the relative volatilities 
are essentially constant over the tem­
perature range covered by the pinch 
tem peratures.
Illu strative E xam p le  III
Cose II: Constant Relative Volatil­








A 25 4 25
B 25 2 23 2
C 25 1 2 23
D 25 0.5 25
50 50
P rob lem : Obtain a p lo t of minimum 
reflux ratio  versus percent liquid in 
the feed.
F or a case of this type, it is sim ple 
to use equations (8) and (1 0 ) . Values 




F raction atin g  P in ch —
A ssu m e Kk„ =  30




25 .................................................... 100.1 .504
50 .................................................... 127.1 .993
7 5 .................................................... 152.9 1.505





%  Liquid =  Lm—Ln 
In Feed
R m = L b
D
SO.......................................... 98 .465 18 1.6
60.................................................................. 114 .75 54 1.2
50 ............................................................................... 126 .97 76 1.0
This example illustrates the elim i­
nation of tria l and erro r for a poor 
separation of the key components if 
the relative volatility  of the compon­
ents are essentially independent of 
tem perature over the range covered by 
the pinch tem peratures.
Illu strative E xam p le IV  







C3 .................... 1.4 1.4
i-C 4 .................... 48.0 47.96 .04
n -C 4 .................... 36.1 11.3 24.8
n -C s .................... 3.4 3.4
n -C e .................... 11.1 11.1
60.66 39.34
F raction atin g  P in ch —
For this poor separation of the key 
components, tria l and erro r is kept 
to a minim um  by assum ing l n - c 4  and 
correcting the tem perature and total 
liquid  flow to correspond to the as­
sumed value of l»-o4. Since the relative 
volatility  of i-c 4 to n -c4 will be of the 
order of 1.3 the mols of i-o4 in the 
fractionating pinch will be of the 
order of 100.
A ssu m e l n-c 4 =  100. T h en  L n ^  200
Then (vr). -  200 - . 7 6 6
Kn
T o w er  pressure =  110 psia. 
E quilibrium  con stan ts from  R ef. (3 ).
(N O T E - — C o n t i n u e  w i t h  “ F r a c t i o n a t i n g  P i n c h ,  
a b o v e ,  n e x t  c o l u m n . )
=  ( 11.3100
T em perature — 137° F.
260.66
y .7 6 6 ) =  .854
R I3 7
VK— 1 
L In R 139
VK— 1 
L In rn  >*n
C a.................... 2.25 1.94 .72 2.25 1.9 .72
i-C4 .................... 1.10 .436 110. 1.12 .44 109.
n-C4 .................... .854 100. .866 100.





(2) U k 
a -  1 j (2)-H 3) In
A ....................................................................... 4 3 .267 3.267 7.65
B ...................................................................... 2 1 1 .134 1.134 20.3
C ...................................................................... 1 30
Ln =  57.95
m .
_  210.72 _— ---------- — . / / o
271.38
K . - 0, = (  1 + I L * _ ) ( .7 7 8 ) = .8 6 6
T em perature =  139° F.




30 I 57.95 — 7.65
— .78 for L „ =  57.95
This was repeated for two other 
values of lfckn .The stripping section 
was handled in a sim ilar m anner and 
the plots m ade as in Exam ple II.
The results are as follows:
F raction atin g  S ectio n —
lhk
“ Ln rn 'I'd
5 0 .................................................... 79.21 .474
15.................................................... 40.27 1.47
30.................................................... 57.95 .78
I f  l n_c4 =  50 E„ ^  5 0 +  109.7 s  160 




T em p eratu re =  144° F.
K U 4
VK— 1 
L In K I3 S
VK— 1 
L In T a
C 3 .................... 2.3 2.17 .05 2.2 2.18 .64
i-C4 ............. .. 1.135 569 84.5 1.08 .561 85.5
n-C4 ........... . .889 50. .848 50.
IOCOII
►
J Ln =  136.14 1.71
_  135.15
195.81tfH =
K* -'* = ( 1 + - w > 691)= ' 848
T em perature =  138° F.
(N O T E — C o n t i n u e  r e a d i n g  a t  t o p  o f  n e x t  
c o lu m n ,)
If l n- Cl =  150 L„ ss  1 5 0 +  110 s  260
/  L n \  _  260 _  Rt
V V n A 320.66
Kr j = ( i + iM -)(-8i)=-87
1 em perature =  141° F.
Y K - VK— 1
Rl-41 L 1 n K '« I. In rn















L n =  280.59 .861
/  L n \  _  280.6
\  Y» A 341.3 
11.3 
150
T em perature — 143° F
ponents is very sharp* 
L,„
Stripping P in ch —
. Since the separation of tlie key com-
Lm =  200
V r
 Tf .  200  JV l -  c .  —
=  1.24 
T em perature =  152° F.
200 —  39.34
R 152
i-C-t . . . ........................  1.24
a-C *  ................ .975
n-Cs ........... ......... .39
r - C - ; ...................  . . .  .165
17.8— 14.5 
200 — .786rm =  66.2
I .m =  200
* Bj* d i f f e r e n c e .
T em perature =  147° F.
i
1







i - f ' i ..................................... ............................  1.182 *118.5
n -C t.......................................... ............................  .925 .782 .218 113.9
-a-Cs. . . . . . . . . . . ............................................. 36 .304 .696 4.9
.............  . . . .15 .127 .873 12.7
Lm =  250. 1.023
• B y  d i f f e r e n c e .
L " ' . =  K , - ,L . = 3 0 0  . . . .  2 6 )7
T em perature =  144° F.
300 =  1.149
VK 1—VK rra



















Lm =  300 1.485
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This typical deisobutanizer example 
illustrates the method of application 
of the equations to a system in which 
the relative volatility of the compon­
ents are not constant and the separa­
tion of the key components is very 
poor. It may be noted, for the fraction­
ating pinch, that a very rapid  con­
vergence and a minimum of tria l and 
error is obtained by assuming the mols 
of l«-c4 in the pinch and adjusting 
the tem perature and total liquid flow 
to correspond to this assumption.
C o n c lu s io n s
The method of calculation presented 
offers a rapid, accurate solution for 
minimum reflux. It is especially ad ­
vantageous for the determination of 
minimum reflux versus feed condition 
for a given separation. It may be noted 
that, in general, a minimum reflux for 
a given feed condition is best deter­
mined by first obtaining the curve 
of minimum reflux versus feed con­
dition. This is best illustrated by Ex­
ample III where trial and erro r is 
completely eliminated for the deter­
mination of a plot of Rm versus feed 
condition.
Further, as pointed out by Colburn, 
it should be noted that the correlation 
holds for those cases with a compon­
ent having a volatility intermediate 
between that of the key components, 
provided the distribution of the in ter­
mediate component can be estimated. 
However, further work is needed in 
order to be able to rapidly and ac­
curately predict the distribution of 
intermediate components.
For non-ideal mixtures in which the 
minimum reflux ratio m ight be limited 
by a tangent, stepwise calculations 
must be made to check the minimum 
reflux ratio obtained by Colburn’s 
correlation.
B IB L IO G R A P H Y
1 B a i le y ,  R . V . a n d  C o a te s ,  J e s s e ,  P e t r .  R e f r  
27 . 30 (1 9 4 8 ) .
2 C o lb u r n ,  A . P .,  T r a n s .  A m . I n s t .  C h e m , 
E n g r s .  37 , 805 (1 9 4 1 ) .
0 S c h e ib e l .  E .  G ., P e t r .  R e f r . ,  26 , 116 ( 1 9 4 7 ) .
* S c h e ib e l .  E .  G. a n d  M o n t r o s s ,  C. F , ,  I n d .  
E n g .  C lie m .,  3 8 , 268 (1 9 1 6 ) .
6 U n d e r w o o d ,  A . J .  V ., J .  I n s t .  P e t r o l e u m ,  
33 , 614 (1 9 4 6 ) .
• U n d e r w o o d ,  A . J .  V ., C h e m . E n g r .  P r o g ­
r e s s ,  44, 603 (1 9 4 8 ) .
* B y  d i f f e r e n c e .
From a plot, Figure 5, of Ln versus rn+, and Ln versus /-
*  *  *
Ln Lm
T d 'P n — f m
%  Liquid =  Lm—I-d 
In Ffed
R m =  Ld 
D





220....... ........................ 252 1.05




SIMPLIFIED HJLTI-COKFOHEHT FRACTIOItmOM 
CALCULATI0 H5




The ap p lica tio n  o f Underwood9s (7 ,8 ,9 )  equations and th e  
Colburn (2) c o rre la tio n  fo r minimum re flu x  fo r th e  determ ination 
o f th e  d is tr ib u tio n  o f s p l i t  keys a t  minimum re flu x  i s  presented . 
Equations have been developed to  system atise the  ca lcu la tio n s and 
minimize the t r i a l  and e rro r involved in  th e  ap p lica tio n  o f the 
Colburn c o rre la tio n  and Underwood's equations.
A study has been made of the d is tr ib u tio n  o f s p l i t  keys whieh 
w ill  give th e  optimum number o f tra y s  a t re flu x  ra tio s  o ther than 
to ta l  and minimum. The d is trib u tio n  o f s p l i t  keys obtained a t 
to t a l  re f lu x  was found to  give a  mini sum number o f tra y s  a t a l l  
re f lu x  ra tio s  except those very close to  th e  minimum. At th is  
p o in t th e  optimum d is trib u tio n  approaches th a t obtained a t minimum 
re f lu x .
27
imnoDWumnt
In  multicomponent systems i t  i s  necessary to  specify  th e  maximum 
q u an tity  o f one component in  the overhead and the maximum q u an tity  o f 
a second component in  th e  bottom s. These sp ec ified  components are  
known as th e  key components. The sp ec ified  component w ith th e  h ighest 
v o la t i l i ty  is  designated th e  lig h t key coaponent and th e  o th e r oompon- 
e n t i s  c a lle d  th e  heavy key component, A heavy component i s  one which 
has a v o la t i l i ty  le ss  than th e  heavy key component and which appears in  
th e  fra c tio n a tin g  pinch in  n eg lig ib le  q u an tity . S im ila rly , a lig h t 
coaponent i s  one which has a  v o la t i l i ty  g re a te r than  th a t o f th e  lig h t 
key component and which appears in  th e  s trip p in g  pinch in  n eg lig ib le  
q u an tity , A s p l i t  key i s  defined as an unspecified  component which 
appears in  appreciable q u a n titie s  in  both pinches. U sually th e  re la tiv e  
v o la t i l i ty  o f a s p l i t  key component is  in term ediate between th a t o f the 
two sp ec ified  components.
In order to  determine the minimum re flu x  fo r  a system contain ing  
s p l i t  keys th e  d is trib u tio n  of th ese  s p l i t  keys in  th e  overhead and 
bottoms oust be determ ined. Underwood (7 ,3 ,9 ) had developed equations 
fo r  the determ ination o f minimum re flu x  fo r multicomponent systems and 
has demonstrated th e  ap p lica tio n  o f these equations to  systems contain­
ing s p l i t  keys. The ap p lica tio n  i s  given here in  s lig h tly  d iffe re n t 
form fo r purposes o f comparison and to  I l lu s tr a te  the use o f Newt io n 's  (4)
method to  reduce th e  t r i a l  and e rro r involved in  th e  so lu tio n  o f 
th e  equations, An attem pt ia  made to  apply the equations to  systems 
contain ing  s p l i t  keys in  which th e  re la tiv e  v o la t i l i ty  i s  not con­
s ta n t. However, th e  accuracy o f Underwood*s equations depends on a
choice o f th e  feed  tra y  tem perature i f  the re la tiv e  v o la t i l i t ie s  are 
n o t co n stan t. In many cases the v a ria tio n  o f the re la tiv e  v o la t i l i ­
t i e s  i s  s u ff ic ie n tly  la rg e  th a t considerable doubt as to  th e  tru e  
minimum re flu x  e x is ts  a f te r  th e  ap p lica tio n  o f th e  Underwood equations 
due to  th e  d if f ic u lty  involved in  se lec tin g  a good value fo r  th e  feed 
tra y  tem perature,
Colburn (2) presented an em pirical co rre la tio n  fo r  minimum 
re f lu x  which minimises th e  doubt as to  th e  proper teaperatu ree to  use . 
Colburn has s ta te d  th a t th e  d is trib u tio n  o f the s p l i t  key component 
a t  minlimin re flu x  i s  such th a t the ra tio  o f th e  mols of th e  s p l i t  key 
component in  th e  fra c tio n a tin g  pinch to  th a t in  th e  s trip p in g  pinch
l i e s  between th e  corresponding r a tio s  o f the lig h t key component and
th e  heavy key component. However, fo r  la rge values o f Colburn* s 
em pirical term , if/ , th e re  would bo a considerable range o f d is trib u tio n s  
o f th e  s p l i t  key component which would s a tis fy  th is  c r ite r io n . In  
ad d itio n , a tremendous amount o f t r i a l  and e rro r i s  encountered in  
try in g  to  s a tis fy  C olburn's c r i te r ia ,
B ailey and Coates ( l )  have sim p lified  the ca lcu la tio n s requ ired  
fo r  C olburn's c o rre la tio n  fo r  cases in  which there  are  no s p l i t  keys. 
Equations are presented in  th is  a r tic le  fo r th e  ap p lica tio n  of Colburn' s 
c o rre la tio n  to  s p l i t  keys.
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Previously , th e  Fenake (3) equation fo r to ta l  re flu x  has been 
need to  estim ate th e  d is trib u tio n  o f s p l i t  keys fo r tra y  ca lcu la tio n s 
fo r  a l l  re flu x  ra tio s  between th e  minimum and to ta l ,  Ho previous 
study  has been made in  an attem pt to  determ ine the d is tr ib u tio n  of 
s p l i t  keys which would give an optimum number of tra y s  fo r a given 
re f lu x  r a t io  and sep ara tio n  o f th e  key components,
APPLICATION OF UNDî iWOCD Jŝ UATIONS FOH TH& PISTEIBUTION
Underwood has derived th e  follow ing equations fo r  the determ ina­
tio n  o f minimum re flu x  ra tio s
where -  r e la tiv e  v o la ti l i ty  o f a component w ith 
resp ect to  th e  heavy key component,
X -  mol fra c tio n  o f a  component in  th e  liq u id  
phase,
Z -  to ta l  mol fra c tio n  o f a  component ( liq u id  
plus vapor),
q -  heat required  to  convert one nole o f feed 
to  sa tu ra ted  vapor divided by th e  la te n t 
heat of th e  feed ,
ft ~ mols o f re flu x  per mol o f overhead,
-  defined by equation (1) and th e  value o f <f> 
l ie s  between the re la tiv e  v o la t i l i t ie s  of 
th e  key components,
S ubscrip tsi
D -  overhead
F -  feed
H -  minimum




Sine* th e  d is tr ib u tio n  o f th e  s p l i t  key i s  unknown, i t  i s  more 
convenient to  define th e  system by s ta tin g  the  mols o f th e  lig h t
key eoaqponent appearing in  th e  bottoms ra th e r than specify ing  the 
a o l f ra c tio n s , re sp e c tiv e ly .
Rew riting equations (1) and (2) in  te rn s  o f mols
Where %  -  mols o f a  component in  th e  feed .
%  •  mols o f vapor in  th e  feed ,
d -  nols o f a component in  th e  overhead.
£ -  to ta l  no ls o f overhead.
* to ta l  no ls of vapor upflow In  th e  fra c tio n a tin g  
sec tio n  o f the tower*
I f  N s p l i t  keys are present in  the feed then th e re  are N p lus 
one values o f <f? which l i e  between the re la tiv e  v o la t i l i t ie s  o f th e  
key components th a t t r i l l  s a tis fy  equation (3 ). %  su b stitu tin g  these
U p lus one values of (p in  equation (U) th e re  are obtained fi plus one 
equations which on sim u lta tion  y ie ld  th e  d is trib u tio n  o f each s p l i t  
key and th e  gdni mum re flu x .
In  order to  f a c i l i ta te  the so lu tio n s o f equation (3) i t  i s  
proposed th a t tfewton's (4) method, fo r ir ra tio n a l ro o ts be used*
key component appearing in  th e  overhead and th e  nols o f th e  heavy
(3)
(5)
Where 4>, -  f i r s t  assumption o f #  ,
^  -  second approxim ation of ^  *
f<«> = J ^ i, -*-
Z .
Procedures
The procedure fo r  ap p lica tio n  o f Underwood's equations to  
systems containing s p l i t  keys and constant v o la til i ty  i s  as follow s s
1* Assume a  value o f between th e  re la tiv e  v o la t i l i t ie s  
o f th e  lig h t key oosponent and the s p l i t  key consonant,
2 . C orrect th is  assumption by means o f equation (5) 
u n ti l  equation (3) Is  sa tisfied *
3 . Repeat steps (1) and (2) fo r a value o f <j> between 
th e  re la tiv e  v o la t i l i t ie s  of th e  heavy key component 
and th e  s p l i t  key component*
4* S u b stitu te  th e  values o f 4> obtained in to  equation
(4) end s in u lta te  to  ob ta in  th e  d is tr ib u tio n  o f the 
s p l i t  key and the mintiroun re flu x .
r^uite o fte n , from observation of the system , a f a i r  choice 
o f <}>, can be made which w ill give 4> fo r most purposes.
Varying R elative V o la tility  t
The proper tem perature fo r th e  evaluation  o f re la tiv e  v o la t i l i ­
t i e s  i s  th e  feed tra y  tem perature. For the  case In  which lig h t and
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heavy components e re  absent th is  te sp e ra tu re  i s  re a d ily  determ ined 
from th e therm al cond ition  o f th e  feed* However, i f  l ig h t and/or 
heavy components are  p resen t th e  tem perature o f th e  feed tra y  is  
n o t re a d ily  obtainable and th e  use o f arith m etic  averages o f th e  
re la tiv e  v o la t i l i t ie s  taken  a t  the pinch tem peratures i s  recommended. 
These tem peratures are  obtained a t th e  expense of fu rth e r t r i a l  and 
e r ro r ,' I f  th e  v a ria tio n  o f th e  re la tiv e  v o la t i l i ty  i s  appreciable 
th e  equations o f Underwood appear to  be u n re lia b le , fo r th is  ease , 
th e  use o f th e  Colburn c o rre la tio n , as presented la te r ,  i s  recommended.
fteeoisBanded Procedure!
The recommended procedure fo r th e  ap p lica tio n  o f Underwood's 
equations to  systems containing s p l i t  keys and varying re la tiv e  
v o la t i l i ty  Is  as follow s!
1 , Assume a  reasonable minimum re flu x  and d is tr ib u tio n  
o f th e  s p l i t  key,
2 , Determine th e  approximate tem peratures o f th e  pinches 
by use o f  equations (7b) and (&b) which appear in  th e  
next p a rt o f th is  a r t ic le .
3 , Evaluate th e  arithm etic average re la tiv e  v o la t i l i t ie s  
from th e  re la tiv e  v o la t i l i t ie s  obtained a t these pinch 
tem peratures,
4* Proceed as fo r constant v o la ti l i ty  using these average 
re la tiv e  v o la t i l i t ie s ,
5* I f  the  minimum re flu x  ra tio  and d is trib u tio n  o f
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th e  s p i l t  kay d iffe r*  appreciably from th e  assumed 
value*, repeat th e  ca lcu la tio n s using the ca lcu la ted  
value*.
The follow ing examples have been se lec ted  to  i l l u s t r a te  th e  
ap p lica tio n  o f Underwood's equation* fo r constant re la tiv e  v o la til­
i ty  and fo r varying re la tiv e  v o la ti l i ty .
I l lu s tr a t iv e  Exas^le I ,
A pplication  o f Underwood's equations to  a system w ith constan t 
r e la tiv e  v o la tili ty !
Component o( Mols Feed d
A 4 15 15 e
B 2 15 15 tra c e
C 1 .7 20 dc wc
D 1.3 20 d* wd
£ 1.0 15 tra c e 15
F 0.5  J 3  — 15
100
is sa tu ra ted  vapor. Components C and U are s p li t  keys.
i <4= 1.9018
<*-</> c* c(
A 60 2.1 28.6 13.6 2.098 26.6
B 30 0 .1 300. 3000. .0982 305.5C 34 *0.2 -170. 650. -.2018 -168.7
D 26 -0 .6 -43.3 72.2 —.602 -43.2
E 15 -0 .9 -16.7 18.5 -.902 -16.7F 7.i5 -1 .4 -5.35 3.8 *1.402 -5 .4
93.2 3958.1 100.1
•£ - (j> 





1.9  -  (93.2 -  100)/3958.1 » 1.9013
34
c*-<P
* 1 .5 0 8
of. Nip ok Nip u Nip
(?<-4)z ek-f
2.5 24 7.6 2.492 24.0
0.5 60 120. .492 61.0
0 .2 170 $50. .192 177*0
*0.2 -130 650 -.208 -125.0
-0 .5 -30 60. -.508 -29.5
-1 .0 -7 .5 7.5 —1.08 —6.9
4 = 1.5 -  (06.5 -100)/l697 .1  * 1,►508
I l l ' l l
ck Nip<<-4> ok Nip ok Nip ok-4>^  j ok ^ °k~f
A 2.9 20.7 7.1 2.89 20.8
8 .9 33.3 37.0 .89 33.7
C .6 56.6 94.5 .59 57.6
D .2 130.0 650. .19 136.9
£ - .1 -150.0 1500. - .1 1 —136.2
F - .6 -12.5 20.8 -.6 1 —12.3
78.1 2309.4 100.5
4 -  1 .1 -  (78.:L -  100)/2309.4 * 1.11
* « i r  z - *  =rf - x =
A 60   9    24.0
B 30 0 .5  60 . .  61.0 61.0
C 34 0 .2  170 3 , .  177.0 ft.«5 4s
D 26 -0 .2  -130  -. 08  -125.0 -6 .25  4 ,
B 15 “ '  — —  -----
r  7 .5







28.6 + 305.5 -  8.43 4 , -  2.16 4 /2 4 .0  + 61.0 + 8.85 4
—6.25 4
2 4 .0  + 6 1 .0  + 8 .8 5  d0 -  6.25 4 .=  20 .8  +  33.7 + 2.88  4 ,
+  6.84 dd
From which 4  = 16.81 S 4 j-= 10.0
28.6 * 3 0 5 .5 -  (8:L%) (16.81) -  (2 .16) (10.0) „  x 
o p  1 5  1 5  l O l  1 0 . 0
=  3.00  -  1 - 2.00
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I l l u » t r a t i r .  E xup le I I i  A pplication o f Underwood's equations
when re la tiv e v o la t i l i ty  is  not constant •
* d w
C1 3 3 .0
vO*«3*
c2 7 7.0 Tower pressure a  200 p s ia
C3 15 14.7 0.3 &4u ilib r lu n  data  front nomo­
C4 33 ♦13.0 *20.0 graph by Scheibel (5 ) .
C5 30 0.2 29.8 0^ i s  the s p l i t  key.
c6 12 — 12.0
3775 s o
ia su a s  Sg5 .75 .
Then Ln * (.7 5 ) (37.9) » 28.4 I*  = 28.4 *■
ra « (1 .75) (37.9) * 66.3 7ai ® 66.3 •












K hk*- (L/V)n * .428 T«n>.» 196 e .
* 1 4 ,= H A )a = 2 .76 Teap.= 237 f .
k 196 oc1* *237 ^237
21.0 49.0  24.5 37.7 43,.4
5.42 12.68 6.85 10.52 11,.6
2.16 5.05 2.76 4.25 k i .65
.948 2.22 1.30 2.00 2,,11
.428 1.00 •65 1.00 1,,00
.20 .47 •329 .51 <.49
% ^ 3 .8T  OC
^ 2 ?
£-3.712
3 43.4 130. 39.6 .1 39*688 3.28
7 11.6 81.2 7.8 10.4 1.3 7.888 10.3
15 4.65 69.7 .85 32.0 96.5 .938 74.4
33 2.11 69.5 -1 .69 -41*1 24.3 r-1.602
30  1 .0 0 30.0  -2 .8 -10.71 3.8 -2.712 -11.05
12 .49 5.88 -3 .31 -1.78 .5 -3.222 -1 .82
^  * 3 .8  ■
* MoubmI d is tr ib u tio n
42.09 126.5 












«< * * 8  3.705 * j L  * “  1.3 o( H? e<
(*-+)*■ o( -  ^ cd. -(p o<~(p d-<p 6*
0 .1 39.695 3.28 42.1 3.09 0 .1
1.3 7.895 10.3 10.3 7*88 0*8
79.2 .945 72.3 3.35 20.8 6 .2
2 7 .0 -1.595 - 1 .322  40. .81 85.8 106.
4 .1 -2.705 - .0 7  4 *.30 - 100. 333.3
.5 -3.215 ------ -.8 1 -7.25 9 .0
112.2 V 10.32 455.4
-  3.712 -  (31..81 -  3 1 )A l2 .JJ * 3*705
4> ■ 1.3 -  (10.32  -  31)/455.4 ■ 1.345
1.345 * * 1.350 0  ̂̂
o<-4 oC-<P oC — <j>
42.05 3.09 0 .1 42.05 3.09
10.25 7.92 0 .8 10.25 7.92
3 .305 21.05 6 .4 3.30 20.7
.765 90.9 118.8 •76 d°4-.5 7-.345 -86.95 252. -.3 5
-.855 -6 .87 8 .0 -.8 6
29*14 386.1 V_n
4  * 1.345 -  (29.14 -  3D /386.1  * 1.350
Equating Va f® and solving dc^ « 13,3
S u b stitu tin g  In  equation (4) && 8 .787
Hotel I f  re s u lts  had d iffe re d  very ouch from assuatptlona, 
I t  would have boon necessary to  o b ta in  a  new se t 
o f average re la tiv e  v o la tl l i t le a  and repeat the 
ca lcu lations*
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com m a correlation for distribution of split  rets 
AT KUttMJii REFLUX e
Fbr systems contain ing  s p l i t  keys Colburn (2) has shown th a t
! •  r H/**n*V/ a t minimum reflux*
whore r m -  r a tio  o f th e  mols o f th e  lig h t key
component to  th e  heavy key component In  
th e  s trip p in g  pinch* 
r n “ r a tio  o f th e  mols o f th e  lig h t key com­
ponent to  th e  heavy key component in  
th e  fra c tio n a tin g  pinch* 
if/ -  em pirical fa c to r defined by equation (Ua>*
2* The d is tr ib u tio n  o f the s p l i t  key i s  suoh th a t th e  
r a tio  o f the  mols of th e  s p l i t  key component in  the 
fra c tio n a tin g  pinch to  th a t In  th e  s trip p in g  pinch 
U es between the corresponding ra tio s  o f th e  lig h t 
key component and the heavy key component*
However, fo r la rg e  values of if/ $ th e re  would be a considerable 
range o f d is trib u tio n s  o f th e  s p l i t  key component which would s a tis fy  
c r i te r io n  (2 ). In  ad d itio n , a  tremendous amount o f t r i a l  and e rro r 
i s  encountered in  try in g  to  s a tis fy  both conditions (1) and (2) 
w ithout a straigh tfo rw ard  procedure which gives a  rap id  convergence 
to  th e  tru e  values*
In  an attem pt to  surmount these  d if f ic u lt ie s  i t  has been 
assumed th a t fo r  th e  key components there  e x is ts  a lin e a r re la tio n  
o f  (*-*) versus the r a tio  o f the mols o f th e  eojqponent in  th e  fra c ­
tio n a tin g  pinch to  th a t ln  the  s trip p in g  pinch* In ad d itio n , the  
follow ing equations have been developed in  order to  f a c i l i ta te  
ca lcu lations*
3a
For sharp separations o f th e  key components in  systems 
con tain ing  no eosqponents lig h te r  than the; lig h t key component 
o r  heav ier than  th e  heavy key component th e  d is trib u tio n  o f any 
in term ed iate  components i s  given by
%  *
°< -  re la tiv e  v o la ti l i ty  w ith respect to  th e  
heavy key component. 
d -  mole o f a component overhead* 
n -  pseudo ra tio  of liq u id  to  vapor*
> i  -  mol®.
S ubscrip ts:
F -  feed
h -  heavy component 
hK -  heavy key component 
1 -  lig h t component 
IK -  lig h t key component 
L * liq u id  in  feed 
s -  s p l i t  key component 
¥ -  vapor in  feed
A good f i r s t  approxim ation fo r the d is trib u tio n  o f s p l i t  keys fo r
any system may be obtained by the ap p lica tio n  o f equation (6 ).
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J t “ ’W
1 “ ( - f £- ) mL 'a
(10)
where K -  equilib rium  constan t,
1 -  moXs of & cosponent In  th e  liq u id  phase,
L -  to ta l  mols o f liq u id  downflow in  tow er,
V -  to ta l  mols o f vapor upflow in  tower, 
w * ao ls o f a  component appearing in  th e  bottom s.
S ubscrip ts t
m -  s trip p in g  section  
a -  fra c tio n a tin g  sectio n
tb s  em pirical fa c to r , V ', in  C olburn's co rre la tio n  i s  given by
if/ m V  , .fo,,,.,,............. .
(I* -Zcx U)  (V Zch«xh W
(11a)
where and a re  co rrec tio n  fac to rs  given in
graph ical form in  Colburn's a r t ic le .
In  many oases no serious e rro r i s  encountered i f  th e
oorrceU en fa c to rs  o^ and c^ arc  taken as u n ity . The expression 
can then  be w ritte n  in  a  acre  convenient form,




where ( ) le  obtained o f a n ecessity  in  th e  ca lcu la tio n s
o f th e  pinch com positions.
By noting th a t th e  so ls  o f a l l  components in  th e  pinches, except 
th e  heavy key oospons&t in  the fra c tio n a tin g  pinch and the lig h t key 
component in  th e  s trip p in g  pinch, change only s lig h tly  w ith re flu x  
r a t io  and th a t W i s  p ra c tic a lly  constan t
W  * F3 + ^ 3 ) 2 ^ 4  y  (12)
“ * ^  * 1hkn -  F3 (13)
Wh*r" r3 •  (11 <  z  > * <*u*+ z  V  * i 
£  -  %
S uperscrip t ( ) denotes values corresponding to  
assumed values o f dg»
The co rrec tio n  in  th e  mole o f th e  s p l i t  key overhead in  order to  
meet th e  c rlte riu m  o f a  lin e a r  re la tio n  fo r the key components o f (<* -  1) 
versus th e  r a tio  o f th e  mols o f the component in  th e  fra c tio n a tin g  pinch 
to  th a t In  th e  s trip p in g  pinch i s  then given by
where
* 1  S  ( i l k a  ) <!& ) -HCr n
1 -  ( ZEft )lT  ' s i j
( VK® > -  1
( ) -  1 
X  ' n
f 2 *  A ) . i  + t ^s tq '"'T # â
The correspondingly co rrected  n c ls o f th e  heavy key component In 
th e  fra c tio n a tin g  pinch, lig h t key component in  th e  s trip p in g  pinch, 
liq u id  flow  in  th e  fra c tio n a tin g  pinch, and minimum re flu x  in  order
th e t  «JI s t i l l  equal *y a re  r n
\ / 2  ( A d , )
lhk» 8 lhkn 7 i + (
h o ^ (15)
Ll k „  *  T L k




T * “ > a " X
E, ■3B-




Evan though th e  l i s t  of equations appears q u ite  lengthy and 
com plicated, I t  should toe noted th a t th e  expressions In  most o f th e
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equations a re  obtained In  th e  process o f ca lcu la tin g  the  pinch 
com positions and th a t th e  ca lcu la tio n s proceed q u ite  rap id ly .
A pplication  o f Equations t
by use o f equation (6) and approximate re la tiv e  v o la t i l i t ie s  
a f i r s t  approxim ation o f th e  s p l i t  key d is tr ib u tio n  is  obtained ,
A adn iiM  re flu x  r a tio  i s  then  assumed such th a t the tem perature of 
th e  s trip p in g  pinch i s  s lig h tly  g rea te r than th e  tem perature o f th e  
fra c tio n a tin g  pinoh, th e  tem peratures being obtained by means o f 
equations (7b) and (8 b ). A fter applying equation (9) to  a l l  compon­
en ts  lig h te r  than  the  heavy key component and equation (10) to  a l l  
components heavier than th e  lig h t key component th e  value o f ^  i s  
obtained  from equation (1 1 ). A f i r s t  approximation o f the a d s  o f 
th e  heavy key component  in  th e  fra c tio n a tin g  pinch and th e  lig h t key 
component in  th e  s trip p in g  pinch i s  obtained by means o f equations (12) 
and (1 3 ), re sp e c tiv e ly . Then, from the ap p lica tio n  o f equations (1 4 ), 
(1 5 ), (1 6 ), (17), and (1 8 ), corrected  values o f the d is trib u tio n  o f 
th e  s p l i t  key component, mols o f th e  heavy key component in  th e  fra c ­
tio n a tin g  pinch, mols o f th e  lig h t key component in  th e  strip p in g  pinch, 
liq u id  flew  in  th e  fra c tio n a tin g  pinoh and minimum re flu x  ra tio  are 
o b ta ined . Using th is  new value o f minimum re flu x  r a tio  and equations 
(7a) and (8a) to  determ ine th e  tem peratures a t the pinches, the preced­
in g  ca lcu la tio n s a re  repeated  u n til  the desired  convergence i s
o b ta in ed . For most pusposes the second t r i a l  gives su ffic ie n tly  p rec ise  
r e s u l ts .
The method 1b i l lu s tr a te d  fo r constant v o la t i l i ty  and fo r 
varying v o la t i l i ty  by th e  earns i l lu s tr a t iv e  examples which war# 
solved by Underwood's aquations.
I l lu s t r a t iv e  Example I l l s
As an example o f th e  ap p lica tio n  o f Colburn1 s c o rre la tio n  to  
a system  o f constan t re la tiv e  v o la t i l i ty , the follow ing problem 
w ill be used.
Component o< hols Feed d V
A 4 15 15 eie»
B 2 15 15 tra c e
C 1 .7 20 #17 #3
E 1.3 20 *9.96 *10.04
S 1 .0 15 tra c e 15
F 0 .5 15 15
100 56.96 43*04
Feed i s  sa tu ra ted  vapor. Components C and D are s p l i t  keys. 
Approximation o f d is tr ib u tio n  o f C and B by equation (6 ) ,
■ “  100~-; i5  ■
* / ( .+  l )  -  -.1765 /(1  -  .1765) « -.214
d .  (20) (0 .7 ) C2  -f (.214) ( .3)7 ,  1? 0
« (1.7) (1.0)
(2 0 ) ( .3 )  C2 ( .2Kt)(.7)J... s  9 .9 6
% * ( 1.3) (1.0)
I t  may be noted th a t fo r th is  sharp separation  o f the key
components th a t ( ^ ) n-  1 « °< -  1 and 1 -(^x ) * 1 -  J *
^ 1 K
* From equation (6)
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F rac tio n a tin g  Pinch s S tripp ing Pinch t
,JM U L rJL ,- h 3L,
* 3 5 .0 1 ! - ..... T T rt—,____
B 1 1 5 .0 — M» 1 M b  iQ
C 0 .7 24*3 .15 20
D 0.3 33.2 .35 28.7
£ ------ .50 30.
F ---- .75 20.
7 7 .5 + ln fi 9 S .£
Am « *  -  I*  ■ 110
Thm  (j/  ■ MP — —  l„,UQ ,i I.,,., ,i ........................  i . n
r  110 -  5 I UO -  (20 -  15)7.5 ?
Fj « 98.7 -  77.5 -  0 -  21.2 
*4 -  (15) (30) .  450
lA£ .  21.2» >/ (21.2)2~+ (4) U SO) (1 s  35.652
l ip  •  35.65 -  21.2 -  14.45
Fl* « (15/14.45) (.7 /.15) Cl*15 -  (.7 ) (.15)J « 5.06
Fjp .  (15/14.45) (.3 /.35 ) C1*1? -  (»3) (.15)] -  .985
F2c .  1 /.7  + 1/.15 -  9.10
F2D -  1/.3 + 1/.35 -  6.19
Th«n by equation (14)
* * •  5  ( l i f e y / s o T i —  -  - 0 -2
45
By e q u a tio n  (15 )
I n -  *  35 .6 5  +  .2  *  -01
*  1 +  (1 4 .4 5 /3 5 .6 5 )
By e q u a tio n  (17 )
-  77.5 + 3 5 .8  -  i .2 / .7 )  -  ( , 0 1 /.3 )
By e q u a tio n  ( IS )
Hjt -    —  -  1.99
35.8
•  1X3.0
56.96 -  .21
8.  ■ X7.0 -  .2  .  16 .8
Sp -  9 .9 6  -  .0 1  m 9.95
F a rth e r  c o rre c tio n *  a re  n e t e asen ti& l e in o e  th e re  m » each a  
s n a i l  change in  th e  d is t r ib u t io n  o f th e  s p l i t  k ey s.
I l l u s t r a t i v e  XV: As an o th er example o f  th e  a p p lic a tio n
o f  th e  C olburn c o r r e la t io n  th e  fo llo w in g  d ep ro p an izer 
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30 0 .2 29.S
12 12.0
100 371?“ u i i "
q s  .69
Tower pressure •  200 peia
equilibrium  d ata  from 
nomograph by 3cheibel (5),
* F irs t approxim ation from equation (6 ).
ASSUSO Kg •  0*75
Yb®** * 0*75/1*75 » 0*426 by equation (7b)
Temperature o f fra c tio n a tin g  pinoh m 196 F« 
ttae 196 F. os tem perature to  evaluate ot *• fo r equation (6)*
K j* L  *
03 2 .16 5.05
C4  .968 2.21
C5 .628 1 .0 0
Than by a p p lic a tio n  o f  e q u a tio n  (6 )
*  * 31 -  10~ * 2 .7 1
** " (Si/tSsT ( feg I5-05 ~
+ ^  ,  1 3 .0
Then we4 * 33 -  1* •  20 
Using fin m 0.75
-  (0 .75) (37 .9 ) -  28.6 !-« -  28.6 69 a  9 7 .4
V„ .  (1 .75 ) (37 . 9 ) -  66.3 Va  .  66 .3  -  31 * 3 5 .3  
Syr i* (l/V )a  m .428  Temperature a 196 F.
K j. »(L /?)b  «  2.76 Tenpsraturs a 237 F.
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F ra c tio n a tin g  P inoh! S tr ip p in g  P inohi
*196 P  S  -  1 In  ^ 3 7  M  X - | S  1b
C l 21.1 49.0 48.0 .0625 —. — Hmcaaa •—
c 2 5.42 12.63 11.68 .600 anas* —. sawn*
C3 2.16 5.05 4.05 3.625 2.76 — —— X“ .
®4 .943 2.22 1.22 10.65 1.30 .471 .529 37.1
5 .423 — — lh % .65  . 2J6 .764 39*0
®6 — — — .329 .119 .381 13.6
14.94 + 90.4 + liK m
F ron  a q u a tio n  ( l ib )
(j/ c
28.4 -  .&&
n z L iu
I 97.4 -  (1 .6 /.2 3 6 ) 8s 1.10
U sing a q u a tio n  (12)
r3 = 90.6 - 14.94 * 69 « 6.)1*6
f 4 ^ (3.625) (39) « 141.2
^ K » - 6.46 +.
1T(6,46J2 + (6) 
2 *  16.13
16.13 -» 6.46 a 9.67
Using equation (14)
.  (3 .625/9 .67) (1 .22 /.529) £  1.10 -  (1 .22) ( .1 0 )/4 .0 5 ] a .935
Than ?2 -  1/1 .22 + 1/.529 -  2.71
*d0. « t . f f l )  (?? ) ..=  - I3 .P  i „ s ^ " a  s  x*7
04 1 + . 9 3 5 +  (2 .71) U 3)/25 .S
From equation (15)
l6 *13 ~ [ 2: ^ . H ; S . i 3 > * 1 3 - 2 5
From equation (16)
i n c . « 9 .67 +  i (2; 7f e a 3 f e ) “  u *40
43
Pro* agnation (17)
1* •  14.94 +  13.25 +  (1 . 7/ 1 . 22 ) * 29*53 
Proa equation  (13)
R« * 2 9 .5 3 /(3 7 .9 t 1*7) « 0.746
Ueing B n « *746, «■ 14*7 fo r next t r i a l
in  * (.746) (39 .6) •  29.6 Lbj •  29.6 69 * 93.6
*n -  (1.746) (39 .6) •  69.2 Vffl « 69.2 -  31 » 33.2
(l*/^)a * .426 (V ^)nt * 2.53
S i .  - [ ! + (  •2/13.25)3(.1*26) * ,434 Twqp. -  197 f .
*11,  •  [ l  -  ( .3 /1 1 .4 ) J  (2 .5 * )- 2.51 T«*>. -  222 F.






C l 21.0 49.2 43*2 .0625 -----
C2 5.4 12.63 11.63 .600 - ~
c3 2.15 5.05 4.05 3.625 2.51 — . — ****
c4 .95 2.22 1.22 12.05 1.15 .446 .554 3 3 .0
°5 .434 ------ — ■ IhK. .56 .217 .733 33.0
c6 -------- ------ — .23 .109 .391 13.5
16.34 + S k«
^  * S » t4 .
29.6 -  .66 1 ? ,§ 4 - -  98.6 - (1 . 5 /.2 1 7 * 1.
10
f 3 - 34.5 -  16.34 -  69 - -.8 4
*k • (3.625) (33) SS 138
4 k .  - z & k t i h s k i i
2
*  (4) il& JL U i AO) . U .3 3
^ K .  * 11.80I +  .84 = 12. 72
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-  (3.625/12.72) (1 .22 /.554) Q ..10 -  (1 .22 /4 .05 ) (.1 0 )7  * .672 
*2 -  1 /1 .22  + 1 /.554  » 2.63
Rm •  28.59/(39.6 -  .7 ) « .734
<c4 -  14.7 -  .74 » 13.96 
R epeating th e  ca lcu la tio n s again 
Rjl •  0.740 
* 14.04
1 + .672 +  ( 2 .63/ 24 .6} (14.7)
lhjr .  11.88 +  (2 .4 1 L L 7 4 I
““n 1 j. f»2.721 +  ( i 2 . 72A l . 88)
■ 12.82
I*  s  16.34 t  12.82 -  (.7 /1 .2 2 ) s  28.59
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CXSTRIBUTlQii OF SPLIT KEXS FOE OTKLg liSFLUX iUTXOo:
For any re flu x  r a tio  thoro  is  an optimum food tra y  lo c a tio n  
o r  r a t io  o f th e  key ooaponents a t tho food tra y  ^hlch w ill give a 
minimum number o f trayo  fo r th a t re flu x  r a tio  and a given separation  
o f th o  key components. For a  system contain ing  s p l i t  kayo I t  I s  
necessary  to  sp ecify  th e  d is tr ib u tio n  o f th e  s p l i t  keys between the 
overhead and bottoms before tra y  ca lcu la tio n s can be made. This i s  
in  e f fe c t a  sp e c ific a tio n  o f th e  feed tra y  lo ca tio n  o r r a tio  o f the 
key components a t th e  feed tra y  since th e re  la  only one po in t a t which
th e  ooncentrat ions of a l l  components can be matched a f te r  th e  distrl**
bu tton  o f th e  s p l i t  key has been sp ec ified . Thus, i t  Is  necessary to  
use t r i a l  and e rro r in  th e  d is trib u tio n  o f th e  s p l i t  keys u n til  the 
concen trations can be matched a t th e  optimum feed tra y  lo c a tio n  i f  
th e  optimum number o f tra y s  i s  to  be obtained very p rec ise ly .
I t  has been general p rac tice  to  d is tr ib u te  th e  s p l i t  key by
means o f the  Fenske equation fo r to ta l  re flu x
3
log
log IK lo g
(19)
where S — number of th e o re tic a l step s required  a t to ta l  
re f lu x .
The re la tiv e  v o la t i l i t ie s  are  geometric means of 
th e  values taken a t the condenser and re b o ile r .
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and till*  d is tr ib u tio n  fo r A ll o th er re flu x  r a t io s . However, 
no study ha* been made prev iously  to  determ ine I f  th is  i s  an optimum 
d is tr ib u tio n .
Thus, we have two po in ts where the d is tr ib u tio n  o f the s p l i t  
hey cab be determ ined; to ta l  re flu x  and minimum re flu x . U sually these 
two d is trib u tio n s  are  considerably d iffe ren t*  In  an e f fo r t to  deter*  
mine i f  th e  d is tr ib u tio n  of s p l i t  keys fo r optimum tray s a t re flu x  
r a tio s  e th e r than minimum or to ta l  was in term ediate between these two 
extremes th e  data  in  Table IX was compiled by tra y  to  tra y  calcu lations*  
From th is  ta b le  th e  follow ing observations can be made:
1* For a l l  p ra c tic a l purposes th e  d is trib u tio n  o f th e  
s p l i t  keys a t to ta l  re flu x  w ill give an optimum 
number o f tra y s  fo r a l l  re flu x  ra tio s  except those 
which are extrem ely c lose to  the minimum.
2* Using th e  d is trib u tio n  o f th e  s p l i t  key a t to ta l  
re flu x , th e  r a tio  o f the key components a t the 
feed tra y  matches w ith f a i r  p recision  the  optimum 
ra tio  o f the key components as given by the 
equations o f Scheibel and to n tro ss (6 ).
The above observations may be u til is e d  to  ob tain  re lia b le  product 
com positions and optimum feed tra y  lo ca tio n s.
An i l lu s tr a t iv e  example o f th e  ca lcu la tio n  of th e  d is trib u tio n  
o f a  s p l i t  key a t to ta l  re flu x  follows*
I l lu s tr a t iv e  Kxasple Vs D eterm ination of tho d is trib u tio n  
o f a s p l i t  key component a t to ta l  re flu x .
_st.
C l 3 3 .0  ---- Tower pressure 200 p sia
C*£ 7 7 .0  —
c3 15 H .7  0.3 Equilibrium  constan ts
c 4 33 *13.0 *20.0 from monograph by
Cc 30 0 .2  29.6 Soheibel (5 ) .
Cf 12 — p* 02.0
100 37.9 62.1
KUO d/K °^ r K265 WK <*M J2j£
c i 16.5 .18
C2 3 .7 1.39
C3 1.39 10.58 6.61 3 .3 .99 3.93 5.09
c4 .55 23 .6 2.62 1.59 31.6 1.692 2.22c 5 .21 .95 1.00 *64 25.0 1.00 1.00
®6 *45 5.4
37.20 63*19
B>j *,«*(!. on (19)
lo g  (14.7) (2 9 .8 )/( .3 J ( .2 )  * log (29.8/.2S
lo g  5 .09  lo g  2.22
Thou <W *e4 « .527
»e4 ■ 33/1.527 -  21.6




Coaparlecm o f Values o f and ^  a t  Ba  
P reb le*  Feed Composition R e la tiv e  V o la ti l it ie s  Feed C ondition
1 lk s hk h * 1 * l k °<hk °<h
1 25 25 25 25 — 4 2 1.5 1.0 , , -t i 1.0
2 — 25 25 25 25 «— 2 1.5 1.0 0.5 1*0
3 — 25 25 25 25 — 2 1.5 1.0 0.6 1.0
4 40 15 20 25 6 2.2 2.0 1 .0 . 0 .0
5 25 25 25 25 — 4 2 1.5 1.0 _ 0.535
6 25 25 25 25 — 2.5 2 1.5 1.0 — — 1.0
^1 s2 Si s2
7 15 15 20 20 15 15 4 2 1*7 1.3 1.0 0.5 0.0
la  a l l  cases only a trace of tho lig h t key component appears la  the bottom  and 
only a trace  of the heavy key component appears in  the overhead.
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TABLE IB





6  Tregr. Calc* 
d «  d |  /
1 # .9 5  1 A 10.98 1.24 U .2 11.0 1.24
2 12.90 2.085 13.02 2.085 12.5 12.9 2.085
3 13.05 2.28 13.4 2.16 12.5 .------ -------
4 18.1 1.11 18.1 1.12 18.3 ------- —
5 13.30 1.42 13.30 1.42 13.71 -------. -------
6 11.2 1.40 10.7 1.38 11.2 -------
d si ds£ d si d&2 da* dB2
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T o t a l  R e f lu x
Minimum R e f lu x
81 46 .2 00 0
%  “5- R
F i g u r e  1 - -  Mols o f  a S p l i t  Key Overhead 
For  Minimum T ra y s .
57
D iscussion t
The re s u lts  o f Table IB fo r th e  Colburn co rre la tio n  were obtained 
by n ^ le c tin g  tike co rrec tio n  fac to rs  in  th e  term . In gen era l, 
th is  i s  perm issib le w ithout appreciable e rro r i f  the re la tiv e  v o la til­
i t y  o f th e  lig h t components does not approach th a t o f th e  lig h t key 
coayonent  and th e  re la tiv e  v o la t i l i ty  o f th e  heavy key components 
does no t approach th a t o f th e  heavy key component.
In  problem (3 ) i f  th e  co rrec tio n  fac to rs  in  th e  if/ term  had 
been used tb s  value o f RM -  2 .2 3  and do -  13.56  would have been 
ob tained . Thus, th e  mini sawn re f lu x  value has been improved, but 
th e  d is tr ib u tio n  o f th e  s p l i t  key has become more divergent from the 
c o rre c t value.
k fu rth e r  discrepancy i s  noted in  problem (6 ), I f ,  w ith th is  
system , th e  re la tiv e  v o la t i l i ty  of th e  lig h t component i s  varied  from 
o o  to  2 th e  d is tr ib u tio n  o f the s p l i t  key s ta r ts  a t 11.14 
( fo r  c< - ° °  ) , f a l l s  to  a minimum o f 10,94 a t oC » 3 .0  and then r is e s  
again  to  12.5 a t <* « 2 .0 . This v a ria tio n  may be followed by the 
equations o f Underwood, but i f  th e  Colburn co rre la tio n  is  u til is e d  
th e re  is a continuous decrease in  d8 as v aries from G>°
The above d iscrepancies are explained by the fa c t th a t Colburn*s 
c o rre la tio n  is  no longer accurate when the  re la tiv e  v o la ti l i ty  o f the 
l ig h t  o r heavy components approach th a t o f th e  lig h t key or heavy key 
component, re sp e c tiv e ly .
5«
However, th is  i s  not a serious lim ita tio n  since i t  rep resen ts 
an extreme case and in  many cases can be overcome* For example, i f  
an isom eric separation  such th a t the mole o f the heavy key
component overhead may be su ffic ie n tly  la rg e  th a t th e  heavy key com* 
peneat may be considered as a s p l i t  key which l ie s  o u tside of the . 
r e la tiv e  v o la t i l i ty  lim its  o f th e  sp ecified  key components*
In  th e  depropaniser problem, illu s tra te d  by both methods of 
c a lc u la tio n , th e  serious lim ita tio n  o f the Underwood equations may 
be i l lu s tr a te d  by th e  fa c t th a t th e re  i s  a  20% dev iation  between the 
minimum re flu x  obtained i f  th e  values o f °< a t  the fra c tio n a tin g  
pinch tem perature i s  used and th e  corresponding value by using c* 
a t  th e  tem perature o f th e  strip p in g  pinch. fiy using c*ay as in  
th e  i l lu s tr a t io n  th ere  i s  7.5% d iffe ren ce between th e value o f H# 
obtained and th a t determined by th e  Colburn c o rre la tio n . Thus, fa r  
eases in  which th e re  i s  appreciable v a ria tio n  o f th e  re la tiv e  v o la t i l i ­
t i e s ,  th e  proper feed tra y  tem perature a t which to  evaluate th e  re la tiv e  
v o la t i l i t ie s  fo r use in  th e  Underwood equations becomes o f primary 
Im portance. Since th e  feed tra y  tem perature must l i e  between the two 
pinch tem peratures, arithm etic  average values o f *s taken a t th e  
pinch tem peratures i s  recommended.
I t  nay be noted th a t the ap p lica tio n  of Underwood's equations to  
s p l i t  keys is  analogous to  ca lcu la tin g  d iffe re n t pinch com positions 
using  th e  Colburn c o rre la tio n . This suggests th a t the values o f 
re la tiv e  v o la t i l i ty  should be evaluated a t d iffe re n t tem peratures fo r
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each value o f <f> .  F urther evidence o f th is  ie  obtained From th e  
depropaniser problem il lu s tr a te d . I f  th e  earns s e t o f average 
re la tiv e  v o la t i l i t ie s  are  used by both methods the re s u lts  are 
alm ost p rec ise ly  id e n tic a l. However, having obtained and da 
by th e  Colburn c o rre la tio n s  as i l lu s tr a te d , th e re  i s  no one 
tem perature which perm its the checking o f and dQ sim ultaneously 
when Underwood1 s  equations are used. This check can be obtained 
on ly  by using d iffe re n t tem peratures fo r th e  evaluation of each value 
o f  4> . For example, i f  th e  value o f 4  fo rc ^ ^ ) 0̂  i s  evaluated a t 
th e  tem perature o f th e  strip p in g  pinch and th e  value o f 4  fo r <*5>^> 
i s  evaluated a t th e  tem perature o f th e  frac tio n a tin g  pinch, then 
B|l m 0«?4 sad dg «• 14.4 which is  a much b e tte r  check w ith th e  
Colburn c o rre la tio n , ho o ther examples were tr ie d , however, to  see 
i f  th is  i s  a sp ec ia l o r general phenomena.
The fa c t th a t  the d is trib u tio n  o f the s p l i t  key i s  such th a t the 
r a tio  of th e  mols o f th e  s p l i t  key component in  the frac tio n a tin g  pinch 
to  th a t in  th e  s trip p in g  pinch l ie s  between the corresponding ra tio s  o f 
th e  lig h t key component and the heavy key component has been v e rifie d  
by numerous ca lc u la tio n s . The assumption th a t these ra tio s  are p rec ise ly  
lin e a r  w ith resp ec t to  (<* -  1) has not been v e rif ie d . However, th e  
assumption o f a lin e a r  re la tio n  represen ts the average re s u lts  w ith good 
accuracy and perm its the use o f values in  the questions developed which 
a re  o f a n ecess ity  determined in  the ca lcu la tio n  o f th e  pinch composi­
tio n s . F u rth er, in  most cases a very p recise d is trib u tio n  o f th e  s p l i t
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key i s  no t e s se n tia l fo r th e  determ ination o f a  good value o f mlniwain 
re flu x . For example, i f  th e  ca lcu la ted  mole o f th e  s p l i t  key overhead i s  
g re a te r than  th e  tru e  value, th e  ca lcu la ted  values o f %  and I) are 
both g re a te r than  th e  tru e  values and th e  r a t io , -  W fc, tends to  
re e a in  co n stan t.
A q u a lita tiv e  rep resen ta tio n  o f the optimum mols o f a  s p l i t  key 
overhead i s  shown in  F ig , 1 . I t  i s  seen th a t th e  optimist mols o f the 
s p l i t  key component overhead v&ry rap id ly  approaches th e  d is trib u tio n  
a t  to ta l  re f lu x  as the  re flu x  r a tio  is increased above the minimus.
I t  nay be noted in  th e  depropaniser problem th a t the same number 
o f tra y s  was obtained using th e  d is trib u tio n  fo r mini men re flu x  as w ith 
th e  d is tr ib u tio n  fo r to ta l  re flu x . A ctually th is  i s  no t q u ite  c o rre c t, ' 
but fo r th is  problem th e  d is trib u tio n  o f the s p l i t  key w asn 't s u ff ic ie n tly  
c r i t i c a l  to  show up in  th e  tra y  calcu lations*
Even though Table XI I s n 't  very ex tensive, the conclusions, which 
have been made on the  b asis o f th e  re su lts  tab u la ted , can be accepted 
w ithout appreciable doubt fo r the follow ing reasons $
1# Since a  minimum number o f tray s is  obtained a t to ta l
re flu x , i t  i s  not unreasonable to  expect th e  d is trib u tio n  
obtained a t  to ta l  re flu x  to  give a minimum number of 
tray s  a t  o th e r re flu x  ra tio s ,
2 , The problems in  Table XI were se lec ted  such th a t they
rep resen t extreme oases; i . e .  fo r most problems encountered
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th e  d is tr ib u tio n  MaI isiub refXux and to ta l  re flu x  
w ill agree c lo se r than  fo r  the problem  given in  
Table IX,
Conclusions t
E ith e r th e  Colburn co rre la tio n  o r Underwood1 a equations may be 
need to  ob ta in  th e  d is tr ib u tio n  o f s p l i t  keys and minimum re flu x .
For a  peer separation  o f th e  key components and constant re la tiv e  
v o la t i l i ty  the  equations o f Underwood are le a s  tin e  consuming. For 
a  sharp sep aratio n  o f th e  key components and constant re la tiv e  v o la ti l i ty  
th e  tim e requ ired  for ca lcu la tio n  is  about the same fo r both methods, 
fo r  eases in  which th e  re la tiv e  v o la t i l i ty  i s  not constan t th e  Colburn 
c o rre la tio n  i s  more r e lia b le .
The d is trib u tio n  o f s p l i t  keys a t to ta l  re flu x  m y be obtained 
by means o f the  Fenske equation.
For any re flu x  r a tio  between th e  jainitsum and to ta l  the optimum 
d is tr ib u tio n  o f s p l i t  keys i s  very near the Value given by the Feaake 
equation fo r  to ta l  re flu x .
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m tm oiA tu m
c * co rrec tio n  fa c to r 
d -  » l «  o f a  component in  th e  overhead 
B -  to ta l  nolo o f overhead 
& -  equilib rium  constan t 
X -  so lo  o f a  component in  tho  liq u id  phase 
h -  to ta l  mols o f liq u id  downflow in  tower 
X -  mols o f a  component (liq u id  plus vapor) 
a  -  pseudo r a tio  o f liq u id  to  vapor
% -  h ea t req u ired  to  convert ona mole o f th a  food to  sa tu ra ­
te d  vapor divided by th a  la te n t heat o f th a  feed 
R -  ao ls  o f re f lu x  par a a l o f overhead 
r  -  r a t io  of so ls  of l ig h t key coaponent to  heavy key 
OMgMMMIlb 
3 -  number o f equilib rium  etapa 
V -  to ta l  mols o f vapor upflow in  tower 
w -  mols o f a component appearing in  th a  bottoms 
X -  mol fra a tio n  o f a  component in  th a  liq u id  phase 
2 -  to ta l  ao l fra c tio n  o f a eoaponent ( liq u id  plus vapor)
-  re la tiv e  v o la t i l i ty  o f a component w ith respect to  t)$e 
heavy key component
-  em pirical fa c to r defined by equation (11a)
-  defined by equation ( l )  and has a value between the 
re la tiv e  v o la t i l i t ie s  o f the key components.
S ubscrip ts t
av -  average 
t  -  overhead 
F -  feed 
f  -  feed tra y
h -  heavy eoaponent ( v o la ti l i ty  le s s  than  th a t of the heavy 
key component) 
h& * heavy key component
1 -  lig h t eoaponent (v o la ti l i ty  g rea ter than th a t of the
lig h t key component)
L -  liq u id  in  feed 
IX -  lig h t key component 
a  -  strip p in g  sec tio n
H -  ari»4otttm
n -  fra c tio n a tin g  sec tio n  
s  * s p l i t  key component 
? -  top  o f tower 
V •  vapor In  th e  feed
S u p erscrip ts!
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